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8Abstract
In H-mode plasmas, the modeling of the pedestal dynamics is an important issue to predict
temperature and density profiles in the tokamak edge and therefore in the core. The EPED model,
based on the stability of large scales MagnetoHydroDynamic (MHD) modes, is most commonly
used to characterize the pedestal region. The EPED model has been quite successful until now.
However, EPED model does not take into account small scales instabilities linked the the sharp
pressure gradient and the pedestal characteristics prediction in terms of width and height is still
open. Moreover, some recent analysis of JET plasmas suggest that another class of instabilities,
called microtearing modes, may be responsible for electron heat transport in the pedestal, and
thereby play some role in determining the pedestal characteristics.
Microtearing modes belong to a class of instabilities where a modification of the magnetic field
line topology is induced at the ion Larmor radius scale. This leads to the formation of magnetic
islands, which can enhance the electron heat transport. The stability of MTMs has been theore-
tically studied in the past showing that a slab current sheet is stable in the absence of collisions.
In contrast, recent gyrokinetic simulations in toroidal geometry found unstable MTMs, even at low
collisionality. The purpose of our work is to improve the MTM stability understanding by compa-
ring new analytical theory to linear gyrokinetic simulations (with the GKW code). More precisely,
physical mechanisms (magnetic drift, electric potential, ...) are progressively included in the ana-
lytical description to recover the numerical simulations results and to "reconcile" numerical MTM
investigations with theory.
Numerically, the modeling of MTMs is challenging. The width of the current layer and the sen-
sitivity of magnetic reconnection to dissipation imply having a very high numerical resolution and a
very weak numerical dissipation, essentially at low collisionality. The improvement of the analytical
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9model is crucial, firstly to better understand the role played by the difference physical parameters,
but also because it is free from these resolution problems.
As a first step, linear theory of a slab microtearing mode using a kinetic approach has been
established and compared with linear gyrokinetic simulations [6]. The linear stability of the colli-
sionless MTMs predicted by the theory is found consistent with numerical simulations using the
gyrokinetic code GKW [7]. Starting with this simple model the magnetic drift and the electric po-
tential are included progressively in the analytical calculation. Previous gyrokinetic simulations
have shown that MTMs have a poloidally localized mode structure and as a consequence the bal-
looning representation has been used to evaluate the current inside the resistive layer. The full
expression of the current inside the resistive layer being rather complex. Without the electric po-
tential, the magnetic drift has been found to be destabilizing, but only in conjunction with a finite
collisionality[8]. Then, with both electric potential and magnetic drift, the evaluation of the current
inside the resistive layer is obtained from a system of two equations linking the vector potential (as
the consequence the current) and the electric potential. This system of equations have been sol-
ved numerically using an eigenvalue code. A good agreement between the analytical calculation
and GKW simulations has been found. It appears that the magnetic drift velocity and electric field
fluctuations are destabilizing when combined with collisions. However, this destabilization effect
disappears at low collisionality and no unstable MTM is found so far in collisionless plasmas. The
magnetic drift and electric potential can not explain the destabilization of MTMs at low collisional
frequency observed in recent gyrokinetic simulations. The effect of trapped particle is then under
investigation. It is found numerically that depending on the collisionality, trapped particles can in-
crease or decrease the MTM growth rate. Further investigations are still required to answer to the
question of a possible MTM destabilization by the trapped particle at low collisionallity.
Then, to predict the electron heat transport due to MTM in tokamak pedestal, a quasilinear
model of nonlinear fluxes have been developed. Is found that the quasi-linear diffusion coefficient
scales as the square of the level of magnetic fluctuations. Indeed, first, it appears in the simulations
that the transport is almost entirely electromagnetic, which implies that MTM is well at the origin
of electron heat transport. Second, numerically it is also found that the electron heat diffusivity is
a function of the magnetic field fluctuation level. The radial structure of the most unstable MTM
reveals that current inside the resonant surface drive the instability and the generation of nonlinear
Aix-Marseille Univ. / CEA Cadarache 19 décembre 2019 Hamed
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magnetic island.
Finally, investigations of the JET-ILW pedestal stability is presented by means of linear gyroki-
netic simulations using JET-ILW experimental data as numerical input parameters. It is found that
due to the sharp pressure gradient in the pedestal various instability at different scales (from large
to small) can co-exist with equivalent growth rates. Thus, further investigations are still required to
get a whole picture of the complex mechanisms at play in the pedestal region of a tokamak.
Aix-Marseille Univ. / CEA Cadarache 19 décembre 2019 Hamed
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Dans les plasmas en mode H, la modélisation de la dynamique du piédestal est une question
importante pour prédire les profils de température et de densité dans le bord et le cœur des toka-
maks. Le modèle EPED , basé sur la stabilité de modes Magnetohydrodynamiques (MHD), est le
plus souvent utilisé pour caractériser la région du piédestal. Le modèle EPED a connu beaucoup
de succès jusqu’à maintenant. Cependant, le modèle EPED ne prend pas en compte les micro-
instabilités pouvant se développer dans une région où le gradient de pression est particulièrement
fort. Ainsi, la prédiction des caractéristiques du piédestal (en termes de hauteur et de largeur) est
toujours une question ouverte. De plus, certaines analyses récentes des plasmas JET suggèrent
qu’une autre classe d’instabilités, appelée modes de micro-déchirement, peut être responsable
du transport de chaleur des électrons dans le piédestal, et jouer ainsi un certain rôle dans la dé-
termination des caractéristiques du piédestal.
Les modes de micro-déchirement (MTMs) appartiennent à une classe d’instabilités où une
modification de la topologie des lignes de champ magnétique est induite à l’échelle du rayon de
Larmor ionique. Cela conduit à la formation d’îlots magnétiques qui peuvent augmenter le trans-
port de chaleur électronique. La stabilité des MTMs a été théoriquement étudiée dans le passé,
montrant qu’une couche de courant est stable en l’absence de collisions. En revanche, des simu-
lations gyrokinetiques récentes en géométrie toroïdale ont révélé que les MTM étaient instables,
même à faible collisionalité. Le but de ce travail de thèse est d’améliorer la compréhension de la
stabilité des modes de micro-déchirement en comparant une nouvelle théorie analytique avec des
simulations gyrocinétique (faites avec le code GKW). Plus précisément, différents mécanismes
physiques (dérive magnétique, potentiel électrique, ...) ont été ajouté progressivement à la des-
cription analytique dans le but de réconcilier les résultats numériques avec la théorie.
Numériquement, la modélisation des MTMs est un défi. La largeur de la couche de courant
et la sensibilité de la reconnexion magnétique à la dissipation impliquent une résolution numé-
rique très élevée et une dissipation numérique très faible, essentiellement à faible collisionalité.
L’amélioration du modèle analytique est cruciale, d’abord pour mieux comprendre le rôle joué par
les différents paramètres physiques, mais aussi parce que le problème de la résolution n’est pas
pertinent dans le modèle théorique.
Dans un premier temps, la théorie linéaire d’un mode de micro-déchirement utilisant une ap-
proche cinétique a été établie et comparée à des simulations gyrocinétiques linéaires. La stabilité
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linéaire des MTMs sans collisions prédits par la théorie est compatible avec les simulations numé-
riques utilisant le code gyrokinetique GKW . A partir de ce modèle simple, la dérive magnétique
et le potentiel électrique sont progressivement inclus dans le calcul analytique. Les simulations
gyrokinetiques précédentes ont montré que les MTMs ont une structure de mode localisée et
en conséquence la représentation de ballonnement a été utilisée pour évaluer le courant à l’in-
térieur de la surface résonante. L’ expression du courant à l’intérieur de la couche résistive est
plutôt complexe. Sans le potentiel électrique, la dérive magnétique s’est avérée déstabilisante,
mais seulement en conjonction avec une collisionalité finie. Puis, avec le potentiel électrique et la
dérive magnétique, l’évaluation du courant à l’intérieur de la couche résistive est obtenue à par-
tir d’un système de deux équations reliant le potentiel vecteur (en conséquence le courant) et le
potentiel électrique. Ce système d’équations a été résolu numériquement à l’aide d’un code aux
valeurs propres. On a constaté une bonne concordance entre le calcul analytique et les simula-
tions GKW. Il semble que la vitesse de dérive magnétique et les fluctuations du champ électrique
déstabilisent lorsqu’elles sont combinées à des collisions. Cependant, cet effet de déstabilisation
disparaît à faible collisionalité. Aucun MTM instable n’est trouvé jusqu’à présent dans les plas-
mas sans collision. La dérive magnétique et le potentiel électrique ne peuvent pas expliquer la
déstabilisation des MTMs à faible collisionalité observée dans les récentes simulations gyrociné-
tiques. L’effet des particules piégées est ensuite étudiée. On constate numériquement que, selon
la collisionalité, les particules piégées peut augmenter ou diminuer le taux de croissance du MTM.
De plus sérieuses investigations sont nécessaires pour comprendre le possible rôle joué par les
particules piégés dans la déstabilisation d’un mode MTM sans collision.
Ensuite, afin de prédire le transport de chaleur des électrons généré par les MTMs dans le
piédestal de tokamak, a model quasi-linaire des différents flux nonlinéaire est proposé. Il a été
trouvé que le coefficient de diffusion quasi-linéaire est proportionnel au niveau de fluctuations ma-
gnétiques. Ce résultats a été confirmé par un set de simulations nonlineaires d’un bain de MTMs
instables. En effet, tout d’abord, il apparait dans les simulations que le transport est dominé par
les effets électromagnétiques. Ceci implique que les MTMs sont bien à l’origine de ce transport.
De plus, les simulations sont en accord avec le modèle quasi-linéaire : dans les simulations, le co-
efficient de diffusion de chaleur électronique est une fonction du niveau des fluctuations du champ
magnétique. La structure radiale du mode MTM le plus instable montre que c’est bien le courant
sur la surface de résonance qui est à l’orgine de l’instabilité du MTM et qui génère l’apparition
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nonlinéaire îlot magnétique.
Enfin, la stabilité du piédestal de JET-ILW a été étudiée grâce à des simulations linéaires utili-
sant des données expérimentales (de JET-ILW) comme paramètres d’entrée pour les simulations.
A cause du très fort gradient de pression présent dans le piédestal, différentes instabilités à dif-
férentes échelles peuvent co-exister avec des temps de croissance équivalent. Ainsi, des études
plus poussées sont nécessaire pour obtenir une image claire des différences mécanismes phy-
siques en jeu dans la région du piédestal d’un tokamak.
Aix-Marseille Univ. / CEA Cadarache December 19, 2019 Hamed
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Nomenclature
τE Energy confinement time
n, T Density and temperature
E,B Electric and magnteic field
Q Amplification factor
Pf usion Fusion power realeased
Pheat External heating power
ψ, ϕ Opposite to the poloidal magnetic flux and the toroidal angle
J The current density
a, R0 The minus and major radius of a tokamak
e The aspect ratio
Bϕ, Bθ The totoidal and poloidal magnetic field
q Safety factor
Ωcs Cyclotron frequency
ρs Larmor radius of a particle
β Kinetic parameter
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A‖ The perturbed vector potential
β∗ Normalised kinetic parameter
Ls Magnetic shear length scale
LTe Electron temperature gradient length scale
d2e Electron skin depth
ωpe Electron plasma frequency
ns, Ts Density, temperature
νGKWei Collisionality frequency normalized with GKW conventions
Ωd Magnetic drift
es Charge of a particle
ω∗Te The electron diamagnetic frequency
vTs Thermal velocity
ρs Larmor radius a particle
v Velocity
v⊥ Velocity omponent in the plane perpendicular to the magnetic field
v‖ Velocity omponent in the plane parallel to the magnetic field
δJ current sheet width
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1
Introduction
1.1 Scientific context of the thesis : Fusion as an energy source
1.1.1 About the world energy demand and comsuption
Over the past two centuries, the standard of the population living has never been higher in
history in such a short time. This increase added to the population growth, from 1.0 billion in 1900
to 7.7 billion in 2019 and 10.0 billion in 2050 led to an explosion of the global energy demand.
Actually, the primary source of energy in the world comes from fossil fuels including oil, coal and
natural gas. Yet fossil fuels are limited ressources and they run out faster. Their over-consumption
leads to serious environmental problems such as global warming, air pollution, ... Presently, from
an environmental point of view, renewable sources of energy such as wind energy, solar energy,
hydroelectric power are attractive. However, their low density of energy are not sufficient to sub-
stitute to the fossil fuels and they can not be adopted on a large scale. For the next decades,
it is becoming crucial to put the world on a path of reduced greenhouse gas emissions founding
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an alternative to the fossil fuel. Clearly, a new source of abundant energy, sustainable, without
contribution to the greenhouse effect and absence of very long duration waste that would burden
future generations is needed.
The fission nuclear power plant are present in many countries and can release amounts of
energy by splitting atoms : heavy elements break up to form two lighter ones. Uranium is bom-
barded with neutrons to produce new elements and free neutrons. The elements implying are very
radioactive and long -lived. This reaction involves a chain reaction which can lead to a danger-
ous meltdown. Moreover, the fission nuclear energy is non-renewable and generates radioactive
waste. As a consequence, in the past decades, a lot of scientific researches have been focused
towards production of energy that does not produce greenhouse gases.
In that context, nuclear fusion, which consists in the fusion of two light nuclei into one heavier
nucleus, is one of the most promising candidate to overcome these challenges and to provide
electricity in the entire world. Indeed, nuclear fusion reactions have some valuable properties that
make fusion a favorable technology for power production.
In 1920, a physicist Arthur Eddington combining with Einstein’s theory of relativity suggests an
incredible amount of energy is stored in the nuclei of atoms and the fusion of small nuclei provides
the energy source that power stars like our Sun, enabling life on Earth. Then in 1929, the Physi-
cists Atkinson and Houtermans provide the first calculations of the nuclear fusion rate in stars and
how tunnel effect operates inside stars. Nuclear fusion reaction is the process in which two light
nuclei fuse together to generate a relatively heavier nucleus. When combining light elements such
as hydrogen (or isotopes of hydrogen) the mass of the resulting nucleus is lighter than the mass
of the fusion products. The mass difference is converted into energy according to the Einstein’s
famous formula E = mc2. The heavy elements are strongly bound by nuclear forces . Every ele-
ments have different binding energy so that the difference of binding energy is related to the mass
difference.
On Earth, the life would not be possible without the nuclear fusion reactions that power on our
Sun which is a natural fusion reactor. The reaction between hydrogen atoms take place within a
hot and dense gas which is confined thanks to the gravitational field. In our Sun every second
millions of tons of hydrogen turns into helium releasing an enormous amount of energy. In its
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center, temperature exceeds 15 million °C. At such high temperature, the fuel is completely ion-
ized resulting a plasma of hydrogen isotopes with positive charges. To collide and overcome the
Coulomb electric repulsion forces, the nuclei must have high speeds and special conditions are
required. For the sun, the fusion reactions take place in the core region where the density is very
high (160 times the density of water), the temperature approaching 15 million °C and a pressure of
250 billion atmospheres. With such conditions, the nuclei are compressed and are 10−15m distant
from each other, this leads to nuclear fusion reaction.
Themain reaction occurring in the Sun is often called proton-proton chain. The nuclear reaction
can be written:
411H →42 He+ 2e+ + 2νe− + 2γ+ 25.7MeV (1.1)
Nevertheless, the proton-proton chain is not efficient on Earth, the conversion of hydrogen to he-
lium is too low for the human time scale. On Earth, several fusion reactions implying various
hydrogen isotopes and helium may occur which differ by the required conditions and the amount
of energy released. The probability for a fusion reaction to occur depend on its cross-section.
Fig.1.1 shows the reactivity of several fusion reactions as a function of temperature for three com-
mons reactions. Among the different possible reactions, the preference will go to those with the
highest reaction rates density τ, with τ = nAnB < σv > where < σv > is the probability of a
fusion reaction to occur for two reactant nuclei with the density nA, nB and temperature T. Due to
a higher cross section at relatively low temperatures (10keV), the reaction implying the hydrogen
isotopes deuterium (2H) and tritium (3H) is the easiest one to initiate on Earth [1].
D+ T → H4e (3.5MeV) + n(14.1MeV) (1.2)
When the deuterium and tritium fuse, alpha-particle and neutron are produced. The D-T reaction
releases 17.6 MeV : 14.1 MeV carried by the neutron (80% of the released energy) and 3.5 MeV
carried by the helium ion. The deuterium is a stable isotope of hydrogen, very abundant, cheaply
obtainable and present naturally on sea water[1]. There is enough deuterium in the water to pro-
vide energy for 3.1011 years at the actual rate of energy consumption. For tritium, the same cannot
be said since its half-life time is only 12.32 years therefore it does not exist on Earth. For fusion re-
actors it will be necessary to breed tritium. The idea is, to produce tritium by bombarding a lithium
blanket with neutrons[2]. With no direct contribution to the greenhouse effect and absence of very
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Figure 1.1 – Average cross sections < σv > of D-T, D-D, D-H3e reactions as the function of
temperature
long duration waste that would burden future generations, fusion energy is an attractive candidate
for delivering clean, reliable and virtually inexhaustible energy. Contrary to nuclear fission reac-
tion, fusion reactions do not involve uncontrolled chain reactions.
Since the 1950’s, scientists have started looking at possibilities of replicating, on Earth, the
conditions of the Sun core. However, this is very tricky: to reach sufficient fusion reaction rates,
extreme plasma conditions (100 millions °C with a high density) should be sustained for a suffi-
ciently long time.
In 1955, John D. Lawson introduced a criterion [3], the so called triplet product which refers to
the conditions required to reach ignition for a reactor that produces power in absence of additional
sources. For the reaction involving deuterium and tritium to occur, the Lawson criterion must
be met. This criterion makes it possible to determine the profitability of a fusion reaction. The
0. Since, the sun has an infinite (from an human time scale point of view) confinement time, the typical temperature
at the Sun center is 10 times colder (' 10 million °C)
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Figure 1.2 – Nuclear fusion reaction which implies a deuterium (D) and tritium (T) atoms. The
reaction generates a helium atom, a neutron and large amounts of energy.
triplet product is defined as the product of the plasma particle density n brought instantaneously
to a temperature T and maintained for a time τE. The temperature which depends on the kinetic
energy needed by the nuclei to overcome the Coulomb barrier is fixed by the D-T reaction at
10keV < T < 20keV. Increasing the temperature has a high technological cost. Two degrees
of freedom remains, the ion density which must be high enough to generate power in the fusion
reactor and the energy confinement time, τE which is the time needed for the plasma to loss its
stored energy in the absence of heating. For a reactor to reach ignition at T ∼ 10keV, the following
criterion must be met:
nτE > 3.1020m−3/s (1.3)
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OnEarth, we have two paths to meet the Lawson criterion. The first one consists into increasing
the density n ∼ 1031m−3 and decrease the time of confinement of the energy τE ∼ 10−11s. This
principle is called inertial confinement, based on the compression and heating of a solid pellet using
a laser or a particle beam. Inertial confinement is applied in thermonuclear weapons and the line of
research is mainly represented by the NIF[4] facility in Livermore, USA and the Laser Mégajoule[5]
in Bordeaux, France. The other solution is to increase the time of confinement τE ∼ 1s using strong
magnetic field (of few Tesla) confining a plasma with density close to n ∼ 1020m−3. This thesis
work is focused on the magnetic confinement fusion scheme.
1.1.2 Tokamak : a device to realize magnetic fusion on Earth
As mentioned above, a key issue to achieve thermonuclear fusion is to confine a plasma satis-
fying the Lawson criterion. This is not an easy task since no material is able to directly sustain the
heat load from a 10keV plasma at densities relevant for fusion energy production. The design of a
magnetic confinement fusion reactor takes advantage to the fact that a charged particle can move
freely along the magnetic field line and its perpendicular motion to the magnetic field is restricted
due to the Lorentz force, (F = es(E+ v×B) where es is the charge of the particle moving with a
velocity v to an electric field E and magnetic field B). The charged particle has a circular motion
around the magnetic field, as illustrated in the Fig.1.3.
Figure 1.3 – Circular motion of a charged particle along the magnetic field. [J. Wesson, The
Science of JET]
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By constraining the perpendicular motion of charged particles with a strong magnetic field, the
plasma can be confined and the transport of energy towards the wall can therefore be strongly
reduced. In a linear magnetic field configuration, the plasma is lost at both ends. To confine the
charged particles of the plasma for a sufficiently long time, a device with a considerable length
is required. This is not a practical solution. It seems reasonable to close the magnetic field lines
around a torus shape to confine the particles. Different geometric configurations of the magnetic
fields can be used to confine the plasma. The first way to confine plasma particle is to create
a device where the magnetic field is solely created by external coils, so that no toroidal current
flows in the plasma. This case includes stellarators ( Wendelstein 7-X in Greifswald, Germany
[6]). Or, the magnetic field can be partly generated by an electrical current carried by the plasma.
This category is represented by the Tokamak and pinches. This work is focused on the tokamak
configuration.
In 1950, the Russian Andrei Sakharov imagined a thermonuclear device capable of keeping
the plasma away from the wall using magnetic field lines. This device was called a Tokamak (a
Russian acronym meaning "Toroidal chamber in magnetic coils"), which is a magnetic configura-
tion with helical magnetic field lines winding on nested flux surfaces. The performances of the
tokamak far exceeded those of competing devices. The number of tokamaks has grown rapidly
during the ’70s and ’80s to become the most promising configuration to achieve controlled nuclear
fusion reactions.
Many tokamaks exist in the world: : JET[7] (Joint European Torus) in the UK, ASDEX-
Upgrade[8] in Germany, TCV (Tokamak à configuration variable) in Switzerland, DIII-D [9] in San
Diego (USA), WEST (W Environment in Steady-state Tokamak) in France, JT-60U[10] (Japan
Torus Upgrade) followed by the upgrade to JT-60SA [11] in Japan and stellarators such as LHD
(Japan), TJ-II (Spain) and Wendelstein 7-X in Germany. Currently, the construction of the tokamak
ITER (International thermonuclear experiment reactor)[12] at Saint-Paul-Lez-Durance (France) is
pooling the efforts of many countries.
To be viable, a fusion reactor must produce at least the same amount of energy that it uses.
Modern experiments have been edging close to the breakeven point. The amplification factor
Q = Pf usion/Pheat is the ratio of the fusion power released from fusion reactions and the exter-
0. Actually many experiments are investigating the D-D reaction only because the tritium involved in the deuterium
-tritium nuclear fusion reaction is radioactive.
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nal heating power. This parameter is important to characterize the progress in fusion research.
Break-even corresponds to Q = 1, which is the condition for which the fusion power released by
the fusion reactions equals the external heating power. This means that 50% of the heating power
comes from the D-T fusion reactions. Several tokamaks have approached Q = 1. In 1994, the
tokamak TFTR (Tokamak Fusion Test Reactor) at Princeton reached Q = 0.27[13], in 1997, JET
reachedQ = 0.62[? ] and corresponds toQ = ∞. Ignition refers to the conditions under which the
plasma is maintained by fusion reactions without external energy input. The thermonuclear reactor
ITER will have to operate with Q > 1. The value Q depends of the value of three parameters, the
density n, the temperature T and the energy confinement time τE.
One of the difficulties encountered is the degradation of the confinement when trying to bring
the plasma to very high temperature with high heating powers. In presence of these extreme
environmental conditions, strong gradients develop leading to the formation of various instabilities
and turbulence which should be controlled. This work is devoted to the study of one of these
instabilities: The microtearing mode which can lead to an enhancement of the heat transport.
1.2 Magnetic fusion principle
1.2.1 Magnetic confinement and equilibrium
The tokamak is a toroidally symmetric donut shaped machine as shown in Fig. 1.4. It has a
rotational symmetry around the vertical axis, direction along the torus is refered to as the toroidal
direction and the perpendicular plan to the toroidal direction is the poloidal plan. The magnetic
field lines winds helically on closed nested magnetic surfaces. In such a configuration, the inho-
mogeneous and curved magnetic field leads to a ∇B− dri f t that causes a charge separation,
(electrons and ions drift vertically in opposite directions). This charge separation leads to the for-
mation of a vertical electric field and causes both electrons and ions to drift outward with a velocity
v = E×BB2 due to the E×B drift. The E×B drift causes large losses of particles [14]. By twisting
the magnetic field lines, it is possible to eliminate the outward drift motion [15]. A second field can
be applied to nullify the effect of these drifts by applying an additional poloidal field (perpendicular
direction to the magnetic field). A poloidal magnetic field is produced by the current driven in the
plasma. This plasma current is obtained by varying the magnetic flux in the central solenoid, while
the plasma acts as the secondary winding of a transformer. The resulting helical magnetic field
lines configuration grants a good confinement of charged particles. The helical magnetic field in
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an axisymmetric tokamak can be expressed as:
B = I(ψ)∇ϕ+∇ϕ×∇ψ (1.4)
where ψ is the opposite of the poloidal magnetic flux which is a label of magnetic flux surfaces, ϕ
is the toroidal angle and I is a flux function. The first term of the Eq.1.4 corresponds to the toroidal
component of the magnetic field Bϕ and the second term represents the poloidal field, Bθ. At the
equilibrium, the force balance between the magnetic field, the pressure gradients and the plasma
current can be expressed as:
J×B = ∇p (1.5)
where J is the current density and p the pressure. From the Eq. 1.5 it follows:
B.∇p = 0 and J.∇p = 0 (1.6)
which shows that J and B are perpendicular to ∇p and must lie on surfaces of constant pressure.
The magnetic equilibrium is characterized by an infinite set of toroidally symmetric nested flux
surfaces each with constant pressure, J and B tangent to the magnetic surfaces. In the case of
circular concentric flux surfaces which correspond to the large aspect ratio limit eps = a/R << 1 ,
it is convenient to write the magnetic field in the cylindrical coordinates (r, θ, ϕ) where r is the radial
coordinate, θ the poloidal angle and ϕ the toroidal angle. The Fig. 1.4 represents a tokamak,
where ϕ and θ are the toroidal and the poloidal angles, respectively.
The poloidal angle θ represented is in the Fig. 1.4 is define such as the safety factor denoted
q is only a radial coordinate :
q(r) =
B.∇ϕ
B.∇θ (1.7)
which measures the twist (or pitch) of the field lines. Effectively, in tokamaks the closed helical
magnetic field lines define a set of nested flux surfaces on which the particles are confined. A set
of circular concentric magnetic surfaces is characterized by q. The safety factor q is the function of
r only and indicates how many toroidal turns around the torus are required for a magnetic field line
to return to the initial location on the poloidal cross section. This parameter plays an important role
for the stability of the plasma. When this number is rational, q = m/n, it means that the magnetic
0. In a standard tokamak, e < 1. In the limit where the ratio R/a is large, the poloidal cross sections are elliptic
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Figure 1.4 – The Tokamak magnetic configuration. (r, θ, ϕ) are the toroidal coordinates system.
R0 and a are defined as the major and the minor radius of the torus, respectively.
field lines are closed on this surface. These particular surfaces are called resonant surfaces. For
circular and concentric flux surfaces, the safety factor q can be written as:
q(r) =
rBϕ
RBθ
(1.8)
1.2.2 Particle trajectories
The core of a tokamak plasma is weakly collisional, the trajectories of charged particles are
governed by the electromagnetic field. The magnetic field can be expressed as:
B = Bθeθ + Bϕeϕ (1.9)
B = B0R0
R
(
eϕ +
r
q(r)R0
eθ
)
(1.10)
where the normalized basis of the torus coordinates is (er , eθ , eϕ). Themagnetic field in the poloidal
direction is Bθ = rq(r)R0 B0 and the magnetic field in toroidal direction is Bϕ =
B0R0
R .
If the electric field is ignored and only the component in the z direction of the magnetic field line
is kept (B = Bz = Bez, the charged particle rotates around the magnetic field line (see Fig. 1.3).
In a constant magnetic field, the solution of the equation of motion:
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Figure 1.5 – Helical motion of an ion and an electron in a uniform magnetic field
ms
dv
dt
= es(v×B) (1.11)
for a single particle of mass ms and charge es, Eq.1.11, shows that the particle has a constant par-
allel motion along the magnetic field and undergoes a rapid cyclotron motion around the magnetic
field with gyration frequency Ωcs, known as the cyclotron or gyro frequency:
Ωcs =
|es|B
ms
. (1.12)
The radius of gyration, called the Larmor radius is:
ρcs =
v⊥
Ωcs
=
msv⊥
esB
, (1.13)
where v⊥ = |v× B|/B is the component of the velocity perpendicular to the magnetic field. Its
typical value in a thermal plasma is the thermal velocity vth =
√
msTs/|qs|B. The mass of electron
is smaller than the mass of an ion, which implies that ωce >> ωci and ρe << ρi. The Larmor radius
and the gyro frequency provide essential spatial and temporal scales in tokamak plasmas. In the
presence of a non-uniform electromagnetic field drift velocities add up to the cyclotron motion. To
solve the equation of motion (Eq.1.11) including these drifts, a perturbative treatment known as
the adiabatic theory is used. This theory assumes that the spatial and temporal variations of the
electromagnetic field are slow compared to the cyclotron frequency Ωcs.
∣∣∣∂ lnB
∂t
∣∣∣ << Ωcs; ∣∣∣∂ lnE
∂t
∣∣∣ << Ωcs (1.14)
Aix-Marseille Univ. / CEA Cadarache December 19, 2019 Hamed
1. Introduction 39
where B and E are the magnetic and electric field. The equilibrium magnetic field varies on large
length scales compared to the Larmor radius:
ρcs
∣∣∣∇B
B
∣∣∣ << 1 (1.15)
These conditions are well fulfilled in a tokamak plasmas and lead to a separation of scales in
which the motion of a charged particle can be decomposed into a rapid circular motion around the
magnetic field line also called the gyromotion and a slow drift of the center of the gyromotion as
represented on Fig.1.5.
x = xG + xc (1.16)
x is the position of the particle, xG is the position of the guiding centre and xc is the cyclotron
displacement. In the adiabatic limit as described above, the motion of a charged particle particle
subject to a toroidal symmetric magnetic field is characterized by three invariants of motion which
are conserved along the particle trajectory:
— The energy: H = 12mv2‖ + µB, where v‖ is the parallel velocity of the particle.
— The magnetic moment µ = msv
2
⊥
2B , where B is the magnetic field calculated at the guiding
center position. µ is an adiabatic invariant: it is conserved if the magnetic field varies slowly
over the length scale of the Larmor radius: ρ = mv⊥eB .
— The kinetic toroidal momentum which comes from the toroidal axisymmetry (ϕ) direction:
Pϕ = −eψ+m IBv‖, where R0 is the major radius.
Aix-Marseille Univ. / CEA Cadarache December 19, 2019 Hamed
40 1. Introduction
Trapped particles and banana orbits
In a tokamak, as shown on Fig.1.6, the magnetic field for a position r at θ = 0 on the outer
board is weaker and increase gradually until it reaches a maximum at θ = pi. Two regions can be
defined : the ’high field side’ which is the inner side of the plasma ring closest to the centre and
the ’low field side’ which is the outer side of the torus. A particle moving from the low field side,
theta=0, to the high field side, theta=pi, sees an increasing magnetic field (see Fig.1.6).
Figure 1.6 – Toroidal magnetic field decays as 1/R0, where R0 is the major radius. A charged
particle moving along the twisted magnetic field from θ = 0 to θ = pi and sees an increasing of
magnetic field.
The parallel velocity of a charged particle moving along the magnetic field line can be obtained
using the expression of the kinetic energy H and the magnetic moment µ:
v‖ =
√
2
m
(H − µB) (1.17)
For circular and concentric flux surfaces the major radius is written as: R = R0 + rcosθ and the
magnetic field is approximed as: B(r, θ) ∼ B0R0/R, the subscript ’0’ referring to quantities on the
magnetic axis.
B(r, θ) =
B0R0
R
=
B0R0
R0 + rcosθ
=
B0R0
R0(1+ ecosθ)
∼ B0(1− ecosθ) (1.18)
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At first order in the inverse aspect ratio, the parallel velocity of the magnetic field line is written as:
v‖ =
√
2
m
(H − µB0(1− ecosθ)) =
√
2
m
H − (1− ecosθ)v2⊥,0 (1.19)
e is considered small.
Figure 1.7 – Poloidal projection of an unperturbed particle trajectories. Trapped particles in
Banana orbits (blue) and passing particles(red)
If a particle moving along the twisted magnetic field lines has a velocity along the magnetic field
high enough, the particle can continue to move forward and completes poloidal turns. It is called
passing or circulating particle. The condition for being passing is:
|v‖| >
√
2ev⊥ (1.20)
The parallel velocity squared must always be positive. If it exists a poloidal angle θ for which v‖
is null, the particle will be mirrored by the magnetic field. The motion of a particle in the direction
of the magnetic field gradient leads to the onset of a ’mirror force’ opposite to the motion. The
particle is reflected when it parallel velocity reaches zero and reverses sign which occur if:
2
m
(H − µB0(1− ecosθ)) = 0. (1.21)
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Then, the reflection of charged particles occurs for the particles which respect this condition:
2
m
H − v2⊥,0︸ ︷︷ ︸
v2‖,0
< 2ev2⊥,0 (1.22)
and finally,
v‖,0 <
√
2ev⊥,0. (1.23)
This condition serves to define the population of trapped particles. The particle cannot make a
full poloidal turn. Due to the magnetic mirror force, the charged particles are reflected back from
the higher field strength region. They are forced to move on so-called banana orbits, shown in the
Fig.1.7. In the Fig.1.7, δb is the banana width defined as δb =
2qv‖,0
eωc
and the bounce frequency is
expressed as ωb =
√
µB0r
mq2R30
=
v⊥,0
qR
√
e.
1.2.3 High confinement mode
Confinement is an issue of utmost importance towards a practical fusion power plant. In toka-
maks, there exist two mains operational regimes, well known as the low-confinement mode (L-
mode) and the high-confinement mode (H-mode). The achievement of the H-mode is very impor-
tant to keep the size of the device as low as possible. The energy confinement time in the H-mode
is about two times higher as in the L-mode. The nature of the transition from the L-mode to the
H-mode is not well understood. The transition from L- to H-mode occurs when a threshold in the
heating power[16]. It was discovered for the first time on the ASDEX tokamak in Garching in 1982
[17, 18]. Improvement of tokamak performance is possible thanks to the spontaneous onset of
this regime. After the transition, a significant reduction of transport and of the turbulence intensity
is observed in the edge. An edge transport barrier (ETB), which is a narrow and insulating re-
gion just inside the last closed flux surface (LCFS) develops, characterized by steep electron and
ion temperature and density gradients, 1.8. This edge transport barrier [19], is called a pedestal.
Understandings the mechanisms leading to the H-confinement mode and and the nature of the
turbulence generated at the pedestal are crucial to ITER.
Aix-Marseille Univ. / CEA Cadarache December 19, 2019 Hamed
1. Introduction 43
Figure 1.8 – Schematic picture of the pressure profiles for various confinement regimes
1.3 Limitation of tokamak perfomance : turbulent transport
1.3.1 Limitation of the pedestal height and width
For an H-mode confinement regime, due to the sharp pressure gradient in the pedestal, various
instabilities can develop and lead to turbulence which affects the confinement and the transport
(of heat and particles). The understanding of turbulent transport processes is a fundamental part
of the extensive research program to develop thermonuclear fusion. In the experiments, the co-
efficient of the electron heat diffusivity χe is of the order of 1m2/s. This is much larger than the
value predicted by the theory of collisional transport in toroidal geometry, χe ∼ 10−2m2/s- known
as ‘neoclassical’ theory. Turbulent transport increases significantly the level of transport above the
neoclassical values, by almost, two to three orders of magnitude for heat fluxes, and a little less
than two order of magnitude for particle fluxes. The turbulent transport results from the amplifi-
cation of small variations in the magnetic and electric fields by instabilities. Thus, this ‘turbulent’
transport is due to low frequency instabilities driven by the high density or temperature gradients
of tokamak plasmas. The turbulent structure scales are much smaller than the system size, and
so, these instabilities are called ‘microinstabilities’ . They can develop in all tokamak regions. In
this thesis, we will focused in particular in the stability of the pedestal region.
Since the height of the pedestal strongly influences the plasma performance in the H-mode
operation, it is important to understand the physics that governs the pedestal dynamics. Indeed,
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when a steep pressure gradient is formed, the pedestal height is limited by a class of instabilities
known as edge localized modes (ELM). The pedestal is rapidly destroyed by ELMs. An ELM is
characterized by a cyclical crash of the pedestal pressure and produces a loss of particles and
energy. After an ELM, the pedestal grows until the sharp pressure gradient and the resulting
current lead to the formation of magnetohydrodynamic (MHD) instabilities triggering the onset of
the next ELM crash. The heat flux released by large ELMs can damage the tokamak walls and
represent a serious issue for fusion reactors.
EPED model
The "EPED" model [20, 21] is most commonly used to characterize the pedestal region. The
EPED model is used to predict the pedestal height and width. It is assumed that the growth of the
pedestal width and height is limited by two constrains: the onset of the peeling-ballooning mode
(PB) (low to intermediate mode number) and the onset of a Kinetic ballooning mode (KBM) (large
mode number). Peeling- ballooning modes are driven by the pressure gradient and the parallel
current density while kinetic ballooning modes are driven by the pedestal pressure gradient. In
this model, the pedestal width is controlled by the KBM and its height is limited by the stability
conditions of the PB. The EPEDmodel has been extensively[22, 23? ] used and several numerical
simulations using experimental data are in fair agreement with the observations. However, various
other instabilities from large to small scales also develop in the pedestal region and can potentially
play a role in the limitation of the pedestal on top of that played by MHD modes. The purpose of
this PhD thesis is to examine and understand the role of micro-tearing modes in the transport of
electron heat in the pedestal region.
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1.3.2 Microinstabilities leading to turbulent transport
As described above, the plasma equilibrium is characterized by the current density, pressure
and the magnetic field lines topology. The density, temperature and current provide free energy to
perturb the equilibrium state of the plasma and drive plasma waves. These microinstabilities be-
come unstable above a critical threshold of density and temperature and lead to the amplification.
In toroidal coordinates, any perturbed field, for instance the vector potential Aˆ‖ can be expressed
as:
Aˆ‖(r, θ, ϕ, t) = ∑
m,n,ω
Aˆ‖,m,n,ω(r)ei(mθ+nϕ)−iωt (1.24)
The Fourier components are referred to as modes. m and n are the poloidal and toroidal mode
number, respectively. The modes are localized around particular surfaces called resonant surface
where q = m/n. Far away from these resonant surfaces, the mode amplitude falls off rapidly. In
the plasma, waves are characterized by their linear dispersion relation which gives the complex
pulsation ω for a given wave vector k, and plasma background profiles. The growth rate γ = I(ω)
gives information on the stability of themode. When γ is positive, themode is unstable and growing
in amplitude whereas when γ is negative the mode is stable and damped. In a tokamak plasma
is a rich "zoology" of waves and instabilities is present and covers a large range of temporal and
spatial scales.
Interchange instability class
Drift wave modes are generally a cause of turbulent transport in magnetically confined fusion
plasmas [24, 25]. These instabilities are electrostatic and driven by the free energy in density
and temperature. The ion temperature gradient (ITG) instability is driven by the ion temperature
gradient. ITG turbulence generates a large ion heat transport in tokamaks. This mode is the first
source of heat transport. This electrostatic instability is characterized by a critical threshold, i.e the
instability grows above a critical value of the ion temperature gradient. Two branch exists:
ITG
slab branch: resonance with the parallel motion of ions
curvature branch: resonance with the magnetic drift of ions
0. In fact, fluctuations can be amplified only on surfaces such as the magnetic field structure is "in resonance" with
the fluctuations, i. e. mq = m f luctuations and nq = n f luctuations. These surfaces are called resonant surface.
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In the slab branch, the magnetic field curvature is not considered. For the other branch, the
magnetic field curvature plays a prominent role. The mode becomes unstable due to an inter-
change effect on the low-field-side ("bad-curvature region") of the tokamak where the magnetic
field gradient and the ion temperature gradient are in the same direction. In this region, the mag-
netic drift, which increases with the temperature leads to a charge separation that causes an E×B
drift that amplifies the fluctuations. The Rosenbluth-Longmire picture illustrates how the the "bad-
curvature" can drive ITG[26].
The mechanisms that drive the short wavelength electron temperature gradient (ETG) are sim-
ilar to the ITG modes. ETG instability is driven by the electron temperature gradient[27] and can
produce an electron heat transport.
As mentioned above, the toroidal magnetic field in tokamak decays as 1/R and particles can
be trapped in the low field side. The Trapped electron modes (TEM) are driven by the electron
temperature gradient or by density gradient and result from the resonance between the electro-
static wave and the toroidal precession motion of trapped electrons. TEM turbulence can generate
particle and electron thermal energy transport[28, 29].
Kinetic ballooning modes (KBM) are a class of instabilities driven by the pressure gradient and
described using magneto-hydrodynamics fluid theory. These modes are localized on the outboard
side of the torus and rotate in the ion diamagnetic direction. The growth rate of KBM increases
when the parameter β defined as β = nTB2/(2µ0) .
Tearing instability class
In presence of non ideal phenomena (resistivity, collisions, electron inertia, ...), magnetic in-
stabilities can lead to the modification of the magnetic field topology by breaking and reconnecting
the magnetic field lines [14]. Structures, known as magnetic islands (1.9), are formed from such
instabilities. In a tokamak, magnetic islands can appear at different scales and from different in-
stabilities. In particular, in this thesis, we are interesting in the so-called microtearing mode (MTM)
which is a small scale tearing instability characterized by the formation of magnetic islands at ion
Larmor radius scales. MTM is a possible candidate to explain the anomalous electron heat trans-
port in tokamak pedestals[30, 31, 32]. Moreover, recent numerical simulations for the JET-ILW
experimental equilibrium profiles suggest that MTMs may influence the pedestal height and width
by generating a large electron heat transport level[33, 34].
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Figure 1.9 – Magnetic reconnexion
1.3.3 Thesis problematic and outline
As explained previously, the understanding of the pedestal nature is a challenge for the next
generation of tokamak (in particular fo ITER). Although the EPED model gives a good agreement
with experimental observations, the origin of the turbulent heat transport in the pedestal is still an
open question, and, peelling-ballooning stability considerations is not sufficient to describe the rich
and complex pedestal dynamics.
The EPED model does not take into account the micro scales turbulence, in particular, the
microtearing mode which was found unstable in the pedestal in a recent numerical work based on
JET experimental data [33]. Thus the starting point of this thesis is the question of the possible
role played by the microtearing mode in the pedestal stability. Moreover, past analytical linear
studies for a simple slab current sheet predict MTMs to be stable at low collisionality. This is in
contrast with recent numerical results and indicates that the analytical theory needs to be revisited
to understand the mechanism at play in the destabilization of MTMs in tokamak plasmas.
The first objective of this thesis is to clarify the different physical phenomena responsible of
the MTMs instability. In particular the role played by the electric potential and the magnetic curva-
ture will be investigated by means of comparisons between theoretical and numerical calculations.
Second, this thesis will give some insights of the possibility to find MTM unstable modes in the
pedestal region of JET.
The thesis is organized as follow. In the second chapter, a simple, linear, theoretical model of
a slab current sheet in presence of an electronic gradient is presented. In agreement with past
theoretical studies [35, 36], it is found that in the absence of collisions, the MTM is stable and in
the presence of collisions, the electron temperature gradient destabilizes MTM.
The third chapter is devoted to "reconcile" linear theory with numerical simulations and to give
a better understanding of the possible physical mechanisms leading to MTM destabilization. Pro-
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gressively, previously missing physical mechanisms (magnetic drift and electric potential) are in-
cluded in the theoretical model and compared to numerical simulations. A good agreement is
found between theory and simulations as soon as the model used in the simulations is equiva-
lent to the model used in the linear theory. It is found that the magnetic drift and the electrostatic
potential enhance the MTM growth in conjunction with collisionality. In collisionless regime, since
no non ideal phenomenon is included in the model, the mode is still stable even in presence of
electrostatic potential and/or magnetic drift.
In the fourth chapter, the nonlinear dynamic of a MTM is numerically investigated. More pre-
cisely, a quasi-linear model for the fluxes have been proposed and compared successfully to nu-
merical nonlinear simulations. It is found that the quasi-linear coefficient scales with the square of
the level of magnetic fluctuations. Simulations show also that current within the resonant surface
drive MTM instability and generate nonlinearly magnetic island.
In the fifth chapter, the stability of JET-ILW pedestal is investigated numerically. More precisely,
linear simulations of the pedestal region have been performed. It is found that many different in-
stabilities are linearly unstable in the pedestal and that changes of the input parameters well within
the experimental error bars can change the nature of the dominant instability.
The last chapter is devoted to a conclusion of this work.
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This Chapter is devoted to the theoretical study of the destabilization by an electron temperature
gradient of a simple current sheet in a slab geometry. A kinetic model is developed to show the
stability of a simple slab current sheet in the absence of collisions. Then, the model is improved
by adding collisions and using a gyrokinetic description. It is found that in presence of collisions
an electron temperature gradient can destabilize a MTM in a slab geometry. These results are in
agreement with past linear analytical theory.
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2.1 Descriptions of the plasma
A fusion plasma is composed of charged particles affected by electric and magnetic fields. The
term of "plasma" has been introduced by the physicist I. Langmuir in 1928 to defined an electrically
neutral ionized gas. To describe the evolution of plasma several models can be considered with
different level of complexity. A direct approach, where the motion of each particle evaluated is too
complicate or impossible. Given the huge number of charged particles a statistical approach is
more suitable. The kinetic description consists in describing the time evolution of the distribution
function (of each plasma species) in the presence of electromagnetic fields. The kinetic descrip-
tion can be reduced to 5 dimensions by averaging the particle motion over its fast gyration around
a magnetic field line : this is the gyrokinetic description. Another simplification can be obtained
by considering the plasma as a fluid. In this thesis, kinetic and gyrokinetic descriptions will be used.
2.1.1 Kinetic description
As mentioned previously, the kinetic description gives the distribution function dynamics of
each plasma species in the presence of electromagnetic fields. In the absence of collisions, the
well-known Vlasov equation is obtained by considering the matter conservation in a finite plasma
volume of the phase space. In the presence of collisions the kinetic model is based on the Boltz-
mann equation.
More precisely, the kinetic description of the plasma provides for each particle species s a
distribution function fs(x, v, t) which is a probability density given by the particles repartition in the
phase space (three dimensions of physical space and the three dimensions of velocity space at
time t). The average number of species-s particle near the position x and having the velocity v
at time t is noted: fs(x, v, t)d3xd3v. Compared with a plasma fluid description, the distribution
function contains much more information, in particular the distributions of particle velocities at
each position. The kinetic model becomes essential when the distribution function is far away
from the Maxwellian distribution which corresponds to the plasma thermodynamic equilibrium.
The Boltzmann equation is written for non- relativistic particle species s
d fs
dt
=
∂ fs
∂t
+
∂ fs
∂r .
dr
dt
+
∂ fs
∂v .
dv
dt
(2.1)
=
∂ fs
∂t
+ v.dr
dt
+ a.∂ fs
∂v (2.2)
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where a = F/ms is the acceleration, F is a force and ms the particle mass. In the fusion plasma
composed by electrons and ions, the revelant force is the Lorentz force. The Boltzmann equation
becomes:
∂ fs
∂t
+ v.∂ fs
∂r +
es
ms
(E+ v×B).∂ fs
∂v = C( fs) (2.3)
where es is the s specie charge. When collisions are neglected, the Boltzmann equation becomes
the Vlasov equation:
∂ fs
∂t
+ v.∂ fs
∂r +
es
ms
(E+ v×B).∂ fs
∂v = 0 (2.4)
The electric and magnetic field in the plasma are governed by the Maxwell equations which
are coupled to the kinetic equation :
∇× E = −∂B
∂t
; ∇×B = µ0J+ 1c
∂E
∂t
∇.E = ρ
e0
; ∇.B = 0
where e0, µ0 and c = (e0µ0)−1/2 are the free-space permitivity, permeability and the speed of light,
respectively. The charge density ρ(x) and the current density J(x) can be determined from the
distribution function for each species.
ρ(t, x) =∑
s
es
∫
fsd3v (2.5)
J(t, x) =∑
s
es
∫
fsvd3v (2.6)
Where s indicates the charged particles species considered (s = e, i for electrons, ions), ns is the
density (m−3).
2.1.2 Gyrokinetic model
Micro-instabilities in tokamak is characterized by rather low frequency. Indeed, the turbulent
fluctuations are typically much slower than the cyclotron frequency, i.e ω < Ωcs. The time scales
of a fast gyromotion and low frequency waves are separated. The gyrokinetic theory is based on
the idea of averaging over the particles gyration motion, provided a certain ordering is respected.
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A coordinate transformation in the phase space is made, the fast gyro-motion is extracted using
the action- variational Lie perturbation method leading to a new set of 6 coordinates such that the
new fields do not depend on the gyroangle.
The gyrokinetic description [37] requires an ordering based on highly magnetized plasmas tur-
bulence for which, micro-turbulence appears at large temporal scales compared to the cyclotron
giration and on small spatial scales compared to the gradient lengths of the equilibrium quantities
of the system (magnetic field gradient B/|∇B|, temperature gradient T/|∇T| and density gradi-
ent length scales n/|∇n|). The perturbations present a strong anisotropy in the perpendicular
direction of the magnetic field (k‖ << k⊥, where k‖ = k.b and k⊥ = |k× b| are the parallel and
the perpendicular components of the wave number k, and b is the parallel unit vector defined as
b = B/B). The experimental observations show that the density δn fluctuations and the electric
potential δφ are in the same order of magnitude: δn/n ∼ esδφ/kBT ∼<< 1. The density pertur-
bation δn and magnetic field δB perturbations are smaller than their equilibrium quantity, n0 and
B0, respectively. In such conditions, the gyrokinetic ordering is summarized as:
ω
Ωcs
∼ k‖
k⊥
∼ esφ
T
∼ δns
n0
∼ δB
B0
∼ ρc
Ln
∼ O(ρ∗s) (2.7)
where ρ∗s is defined as the Larmor radius normalized to the minor radius a. Typically in tokamak
the value of ρ∗s is 10−4 for an electron and 10−2 for ion.
It is important to note that the low frequency fluctuations affect only the guiding center motion.
Gyrokinetic, based on the ordering Eq.2.7 provides a description of the guiding center distribution
function dynamics. Based on this reduction a gyrokinetic Vlasov-Maxwell equation for the guid-
ing center distribution function can be derived at any order in ρ∗s. In this thesis, the gyrokinetic
reduction will be used for all the linear calculations based on the gyrokinetic description.
2.2 Microtearing modes, what is it?
2.2.1 Basic picture of a MTM
MTM modifies the magnetic field line topology at the ion Larmor radius scale and leads to the
formation of magnetic islands. Microtearing modes are inherently electromagnetic and are thus
important candidates for electron transport. They rotate in the electron diamagnetic direction and
they are characterized by a toroidal (n) and poloidal (m) mode numbers larger than the well-known
magneto-hydrodynamic (MHD) tearing modes. The physics behind MTMs and tearing modes is
Aix-Marseille Univ. / CEA Cadarache December 19, 2019 Hamed
2. A brief history of microtearing modes 53
quite different: the MHD tearing modes gain free energy by relaxing a sheared magnetic field into
a lower-energy state whereas microtearing modes draw free energy from the background electron
temperature gradient. The fundamental aspect of the physics behind the microtearing instability
is the creation of a parallel current leading to the formation of a thin and strongly localized current
sheet around the resonant surface q = m/n. One can evaluate the width of the current sheet:
δJ =
Ls
LTe
ρe
√
νei
ω∗ <<
1
kθ
(2.8)
where Ls = qR/sˆ is the magnetic shear length, LTe is the electron temperature gradient length
scale, ρe is the electron Larmor radius, ω∗ is the kinetic diamagnetic frequency, νei the collisional
frequency and kθ is the poloidal mode number.
Let us start with a slab description of a current sheet around a resonant surface q = m/n. The
basic picture of a MTM in slab geometry is obtained by solving the Ampere’s Law. Naturally, two
regions can be distinguished. The first one outside the current sheet where there is no current
leading to the following equation :
∇2⊥A‖ = 0, (2.9)
where A‖, the perturbed vector potential, is obtained from the perturbed magnetic field B˜ = ∇×
(A˜‖b). The second region is inside the current sheet and characterized by the equation :
∇2⊥A‖ = −µ0 J‖, (2.10)
where J‖ is the perturbed electron current.
Fig.2.1 presents the classical picturer of a (m n) MTM with the two regions (inside and outside
the current sheet). On that figure, the blue curve represents the vector potential and the red curve
the perturbed current along the magnetic field lines. One can note the parity of the (m n) mode
eigenfunction which is even.
As drawn on Fig. 2.1, outside the resistive layer, the current is zero, J‖,out = 0. The solution
of the Ampere’s law (Eq.2.9) is proportional to exp(−|kθ ||x|) where x is the radial distance to the
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Current layer
Resonant surface
𝑱∥,𝒐𝒖𝒕 = 𝟎
𝑱∥(𝒙)
𝑨∥,𝒊𝒏 = 𝒄𝒕𝒆
𝐴∥,𝑜𝑢𝑡 ∼ 𝑒
−𝑘𝜃𝑥
𝒙
Figure 2.1
resonant surface of the mode. While outside A‖ decays as A˜‖ ∼ exp(−|kθ ||x|), inside the thin
layer where a current develops, A‖ is assumed to vary slowly consistently with a "constant A‖"
approximation, i. e. A‖ is constant in the current layer[38]. As a consequence, the slope of the
perturbed potentiel vector A˜‖ is discontinuous accross the current sheet. The matching of the
internal and external solutions in physical space is achieved by integrating radially the Ampere
equation ∇2⊥A‖ = −µ0 J‖ :
∂A‖
∂r
∣∣∣L − ∂A‖
∂r
∣∣∣−L = − ∫ L
−L
µ0 J‖(x)dx. (2.11)
The length L is chosen such as:
δJ << L <<
1
|kθ | . (2.12)
The matching condition becomes:
lim
L→0
1
A‖(0)
dA‖
dx
∣∣∣L−L = −
∫ +∞
−∞
σ(x)dx (2.13)
where σ is the kinetic conductivity given by :
σ(x) =
J‖
A‖
. (2.14)
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The matching of the internal and external solutions in physical space is realized by introducing by
the so-called ∆′ parameter, which for a slab current sheet of width δJ can be defined as:
∆′ = lim
L→0
1
A‖(0)
dA‖
dx
∣∣∣L−L (2.15)
For MTM, using the outside solution (exp(−|kθ ||x|) ), one can compute ∆′ = −2|kθ | and finally the
matching condition is :
2|kθ | =
∫ +∞
−∞
σ(x)dx. (2.16)
The difference between tearing and microtearing modes is that an unstable tearing mode is
characterized by ∆′ > 0, hence driven outside the current layer, whereas the MTM has ∆′ < 0.
Moreover, Fig.2.1 shows the radial structure of the parallel current and, as a consequence, of the
conductivity σ. Using Eqs.2.13-2.15, one can conclude that in the close center of the current sheet
σ (x) > 0 and its contribution to the mode is destabilisant while when σ (x) < 0 its contribution is
stabilisant.
2.2.2 Past linear analytical theory
The discovery of collisional MTM driven by electron temperature gradient is attributed to Hazel-
tine et al.[35] in 1975, and triggered several developements of the linear stability theory. Past
analytical work predicted a maximum growth rate of MTM at a finite value of collisionality and a
decrease down to a negative value in the collisionless regime. Hazeltine et al., proposed a ki-
netic description of a slab current sheet destabilized by an electron temperature gradient leading
to a microtearing instability in the collisional regime only. In 1977, Drake and Lee [36], using a
cylindrical geometry, studied in details the stability of MTMs driven by an electron temperature
gradient in three regimes of collisionality, "collisionless", "semi-collisional" and "collisional". By
means of analytical calculations they predicted unstable MTMs in the presence of collisions and
stable MTMs in the collisionless regime. In 1980, Gladd et al. [39] established a new analytical
calculation in slab geometry with collisions including the effect of the perturbed electric potential.
The electric potential was found destabilizing in the presence of collisions. The role played by the
trapped particles in MTMs destabilization has been investigated by Catto et al., in 1981 [40] and
by Connor et al.[41] in 1990. A derivation of a dispersion relation in realistic tokamak geometry
was formulated showing that trapped electrons are destabilizing in the presence of collisions. In
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1989, Smolyakov[42] showed that drift effects can give rise to small-scale magnetic islands called
"drift magnetic islands". Then, in 1990, Garbet et al.[43, 44] suggested analytically that MTM may
be unstable nonlinearly even if linearly stable and thus generates a self-sustained electron heat
transport. Then, the analytical calculation was improved in 2015 by Zocco et al.[45]. A novel hy-
brid fluid-kinetic model was developed, showing that the electric potential destabilizes MTMs in the
presence of collisions. The destabilization of MTM in the collisionless regime by the interchange
effect was recently investigated by means of a fluid theory neglecting the electric potential[46].
In summary, past analytical work predicted stable MTM in the collisionless regime and driven
by the electron temperature gradient in a slab collisional magnetised plasma. Clearly, the physical
mechanisms at play in the MTMs destabilization in both collisional and collisionless regimes are
not all well understood owing to the number of parameters (electric potential, interchange, trapped
particles, magnetic drift,...) involved. Furthermore, tokamaks operate at high temperature and
therefore low collisionalities at which MTM are expected to be stable.
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2.3 Stability of a slab current sheet in presence of an electron tem-
perature gradient
2.3.1 Stability of MTMs in collisionless regime
The aim of this part is to identify the possible mechanisms which can destabilize MTMs in
the collisionless regime. To start with a simple kinetic model, a dispersion relation neglecting the
electric potential, the magnetic drift, the collisions and assuming A˜‖ constant in the current sheet
is presented. The evaluation of the current is obtained by integrating Eq.(2.10) over the current
layer and using the expression of ∆′ (Eqs.2.13-2.15). The perturbed electron current along the
magnetic field line is obtained from the electron distribution function :
J˜‖ = −e
∫
d3v fnmωv‖. (2.17)
Vlasov equation
The distribution function fnmω for each species at given n,m,ω, is split in an unperturbed part
FM taken as an unshifted Maxwellian of temperature Teq, and a perturbed part f˜nmω(r, θ, ϕ, v‖, µ),
where v‖ is the parallel velocity and µ the magnetic moment. Here, n, m are the toroidal and the
poloidal wave number and ω the mode frequency. The Maxwellian distribution function FM can be
expressed as :
FM = Ne(r)
( me
2piTe(r)
)3/2
exp
(
− me
2Te(r)
(v2‖ + v
2
⊥)
)
. (2.18)
fnmω is solution of the Vlasov kinetic equation Eq.2.4 where the electric potential and the magnetic
drift are neglected to have an analytical model close to the Hazeltine’s work with a kinetic approach.
In this limit, the Eq. 2.4 can be written as:
∂ fnmω
∂t
+ v‖(
Beq +B
Beq
.∇) fnmω − eme E‖
∂FM
∂v‖
= 0 (2.19)
where v‖ is the velocity along the magnetic field lines. E‖ is the parallel electric field expressed
as:
E˜‖ = −
∂A˜‖
∂t
(2.20)
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where A˜‖ is the perturbed vector potential. One can note that any perturbed field, for instance the
vector potential A˜‖ are expressed in toroidal coordinates as:
A˜‖(r, θ, ϕ, t) = ∑
m,n
A˜‖,m,n(r)ei(mθ+nϕ)−iωt (2.21)
where r is the radial coordinate, θ is the potoidal angle and ϕ is the toroidal angle. To simplify
A‖m,n,ω is noted A˜‖. Then, using Eq.2.20 and using
(Beq+B
Beq .∇
)
f = ∇‖ f , Eq.2.19 becomes for
the perturbation f˜nmω:
−iω f˜nmω + v˜‖∇‖ fmnω − iω
e
me
A˜‖,nmω
∂FM
∂v‖
= 0 (2.22)
More precisely, one can calculate v˜‖∇‖ fmnω as :
∇˜‖ f nmω =
B˜
Beq
∂FM
∂r
+ (b.∇) f˜nmω (2.23)
with b = Beq/Beq.
To evaluate Eq.2.23, two terms have to be evaluate :
1. Calculation of term B˜Beq∇FM
The perturbedmagnetic field is defined as :B˜ = ∇A‖×e‖ which implies B˜r,nmω =
( 1
r
∂A‖
∂θ
)
mnω =
imr A˜‖,mnω. Then,
B˜
Beq
∇FM = imr A˜‖,mnω
1
Beq
∂FM
∂r
. (2.24)
2. Calculation of term (b.∇) f˜nmω
(b.∇) f˜mnω = ik‖ f˜mnω with k‖ =
(
n+
m
q
) 1
R0
. (2.25)
Thus, one can obtain:
∇˜‖ f nmω = ik‖ f˜mnω + i
m
r
A˜‖,mnω
1
Beq
∂FM
∂r
. (2.26)
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Then, using that ∂FM∂v‖ = −
mev‖
Te FM, Eq.2.19 becomes :
(ω− k‖v‖) f˜nmω =
e
Te
FM A˜nmω
[
ω+
m
r
Te
eBeq
1
FM
∂FM
∂r
]
(2.27)
The diamagnetic frequency is noted for the s species :
ω∗s =
ms
r
Ts
esBeq
∂lnFMs
∂r
. (2.28)
As a consequence, the electron diamagnetic frequency is:
ω∗e = −mer
Te
eBeq
∂lnFMe
∂r
. (2.29)
Finally, from Eq.2.27 the perturbed distribution function can be deduced :
f˜mnω =
e
Te
FM A˜‖,mnω
ω−ω∗e
ω− k‖v‖
. (2.30)
The complex frequency ω = ω˜r + iγ˜ contains the mode frequency and the growth rate γ˜.
The kinetic diamagnetic frequency can be written as ω∗ = ω∗T(
1
ηe
+ ζ2 − 32 ) with ζ = v/vThe and
ω∗T =
kθρi
2
√
me
mi
vThe
R
R
LTe
where vThe =
√
2Te/me is the electron thermal velocity. ρi is the ion Larmor
radius, R0 is the major radius and ηe is the ratio of electron temperature scale length LTe and
electron density scale length Lne . The electron and ion mass and temperature are noted me, mi, Te
and Ti, respectively. The wave-number along the magnetic field of the perturbation is k‖ =
sˆkθ
Rq x =
k′‖x where sˆ is the magnetic shear, q is the safety factor ( near the rational surface q = m/n and
x = r − r0 is the distance between the radial position and the radius of the resonant surface of
the mode). It is convenient to normalize all frequencies to the electron temperature diamagnetic
frequency ω∗Te =
kθTe,eq
eB0LTe
and all velocities are normalized to the electron thermal velocity vTe =√
2Te,eq
me . Hence, Ω =
ω
ω∗Te
and Ω∗ = ω∗ω∗Te . With the normalisations presented above, the expression
of the perturbed distribution function is expressed as:
f˜nmω =
e
Te
vTeξ A˜‖FM
Ω−Ω∗e
Ω− ξρ (2.31)
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where ρ = x/δe is the radial coordin2ate. The collisionless width of the current sheet is noted
δe =
Ls
LTe
ρe.
Evaluation of the kinetic conductivity σ
Starting from the Eq. 2.31 one can evaluate the perturbed electron current:
J˜‖ = −e
∫
d3v f˜nωv‖ with d3v = 2piv⊥dv‖dv⊥. (2.32)
Inserting Eq.2.31 in the equation above gives
J˜‖ = −
e2
Te
A˜‖
∫
FMξ2v2Te
Ω−Ω∗
Ω− ξρ dξ = −
1
µ0
∇2⊥ A˜‖ (2.33)
where A˜‖ is assuming to be constant in the current sheet.
From Eq.2.14, one can compute the kinetic conductivity :
σ(ρ) = −µ0 e
2
Te
∫
FMξ2v2Te
Ω−Ω∗
Ω− ξρ dξ , (2.34)
σ(ρ) = −µ0 Ne
2
Te
〈Ω−Ω
∗
Ω− ξρ 〉. (2.35)
Asymptotic matching - Evaluation of ∆′
As described above, in the classical theory of microtearing mode, the solution is split into an
external currentless region where ∇2⊥ A˜‖ = 0, and an internal region which is the current sheet.
As calculated previously, ouside the current sheet, A˜‖ decays as exp(−|kθ |x), in the physical
space. Inside the current sheet, A˜‖ is assumed to vary slowly consistently with a " constant A˜‖"
aproximation (A˜‖ is constant in the current layer, A˜‖(x) ∼ A˜‖(0)). The Ampère’s law inside the
current sheet is :
∇2⊥ A˜‖ =
∂2 A˜‖
∂ρ2
− k2θ A˜‖ = σ(ρ)A˜‖. (2.36)
Aix-Marseille Univ. / CEA Cadarache December 19, 2019 Hamed
2. A brief history of microtearing modes 61
The matching of the internal and the external solutions in the physical space is represented by the
usual tearing index ∆′ described above. For a microtearing mode ∆′ = −2|kθ |, and then using
Eqs.2.35-2.36, the matching leads to :
−2|kθ |2 = µ0 Ne
2
Te
∫ +∞
−∞
dρ
∫ δe
−δe
d3ξFMv2Te
Ω−Ω∗
Ω− ξρ+ i0+ (2.37)
The imaginary part Eq. 2.37 is zero if:
Ωr =
1
ηe
+
1
2
(2.38)
And the real part of Eq. 2.37 is:
log
∣∣Ω− ξρ
Ω+ ξρ
∣∣ (2.39)
The main result is that without collisions, without electric potential , without magnetic drift and
assuming A˜‖ constant in the current layer, MTMs are stable. There is no mechanisms which can
lead to the magnetic reconnection. Now, our objectif if to determine the mechanisms that can
destabilize MTMs. Progressively, in the analytical model the missing physics mechanisms are
added. In particular, in the next part, we investigate the destabilization role played by the electron
temperature gradient in the presence of collisions.
2.3.2 MTMs driven by the electron temperature gradient in the presence of colli-
sions
In this section the role played by collisions is investigated. First, we consider the Eq.2.40
where the magnetic drift and the electric potential are neglected. As in the first part, the perturbed
distribution function is split in an unperturbed part FM taken as an unshifted Maxwellian and a
perturbed part f˜nmω (Note the simplification f˜nmω = f˜ ). The perturbed distribution function is
solution of the following kinetic equation:
(ω− k‖v‖) f˜ = −
e
Te
v‖ A˜‖FM(ω−ω∗) + iC , (2.40)
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where ν is the collision frequency derived from the collision operator in the Vlasov-Boltzman
equation. Thus, for a model taking into account the electron temperature gradient and neglecting
the magnetic field curvature and the electric field, the expression of the perturbed distribution
function is:
f˜ = − e
Te
FMv‖ A˜‖
ω−ω∗
ω+ iν− k
2
‖v
2
3ω
. (2.41)
The expression of the perturbed distribution function (Eq.2.40) is replaced in the Eq. 2.17. The
following expression of the perturbed current is found:
J˜‖ = −
e2
Te
A˜‖
∫
d3vFMv2‖
ω−ω∗
ω+ iν− k
2
‖v
2
3ω
. (2.42)
Following the same procedure described in the previous section one can estimate the kinetic con-
ductivity :
σ(x) = −2
3
∫ +∞
0
dζFMζ2
Ω−Ω∗(ζ)
Ω+ iνei
ζ3
− 13 ρ
2ζ2
Ω
. (2.43)
The sign of σ is very important and determine if MTM is stable or not. In particular, when σ(x) > 0,
∆′ < 0, MTM is unstable. As above, all frequencies are normalized to the electron temperature
diamagnetic frequency ω∗Te =
kθTe,eq
eB0LTe
and all velocities are normalized to the electron thermal ve-
locity vTe =
√
2Te,eq
me . Hence, Ω =
ω
ω∗Te
, Ω∗ = ω∗ω∗Te and ν¯ei =
νei,th
ω∗Te
, where νei,th is the thermal collision
frequency. Combining the equations 2.13 and 2.43 we obtaine the following equation:
d2e∆′
δe
= − 8
3
√
pi
∫ +∞
−∞
dρ
∫ +∞
0
ξ4e−ξ
2
dξ
ωˆ− 1ηe + 32 − ξ2
ωˆ− ρ2ξ23ωˆ + i
νˆthei
ξ3
. (2.44)
The integration over ρ is given by Cauchy’s residue theorem. Finally, the dispersion relation is:
1
β∗ = i8
√
pi
3
∫ +∞
0
ξ9/2e−ξ
2
dξ
ωˆ− 1ηe + 32 − ξ2
(ξ3 + i νˆ
th
ei
ωˆ )
1/2
, (2.45)
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where β∗ = 2µ0NeqTe,eqB2
q0R0
s0
1
kθρe
with ρe = mevTeeB0 . The values of β
∗, q, s, R/LTe, R/LTe, R/Lne, R/Lni
and kθρi are fixed and presented in the Table 5.2.
Table 2.1 – Revelant input parameters used for the theoretical calculations.
e q s β(%) R/LTe R/LTi R/Lne R/Lni kθρi
0.22 1.34 1.08 1.55 8 0 0.263 0.263 0.3
For this set of parameters, we found the Ωr and γ solution of Eq. 2.45. The Fig.2.2 and the
Fig.2.3 present the growth rate and the frequency of the MTM, respectively. It appears that, without
magnetic drift and without electric potential, the growth rate of MTM vanishes at low collisionality,
as shown in Fig. 2.2, whereas the growth rate of MTM increases then rolls over and decreases
in the strong collisional regime. This result is consitent with past analytical investigations, MTMs
are stable at low collisionality. MTMs are not expected to exist in modern tokamak on the basis of
this simple model. However, as it will be exposed later, recent gyrokinetic simulations show that
MTMs are unstable in this same regime.
10 0
ei
th
-0.1
0
0.1
0.2
Figure 2.2 – Growth rate of the microtearing mode as function of the electron-ion collision
frequency for the dispersion relation given in Eq. 2.45 (slab current sheet).
By fixing the value of ηe in Eq.(2.45) it is possible to study the marginal stability of MTMs. For
each value of νthei we determine, the values of ωˆr and β∗ solution of this equation. In Fig.2.4 the
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Figure 2.3 – Frequency of the microtearing mode as function of the electron-ion collision
frequency.
β∗ parameter, solution of Eq.(2.45), is shown as a function of the theoretical electron-ion collision
frequency for each input parameters listed in Table 5.2. Above the black diamonds line, MTMs
are unstable and below MTMs are stable. A typical value of β∗ in a tokamak can be determined
using the set of parameters presented in Table 5.2 and noticing that β∗ = β|kθρe |
R
LT
q
sˆ where β is the
ratio of the kinetic and magnetic pressures. At low and high collisionality the MTM destabilization
is only possible for strong electron temperature gradient and for high β. Low magnetic shear
helps destabilising the MTM. At intermediate collisionality MTMs are easier to destabilize. In the
collisionless regime (νˆthei /Ωˆr → 0) and in the strongly collisional regime (νˆthei /Ωˆr → +∞) Eq.(2.45)
can be solved analytically. Thus, when νˆthei /Ωˆr → 0:
Ωˆr =
1
ηe
+
1
2
and
1
β∗ =
√
3pi
νˆthei
Ωˆr
(2.46)
And when νˆthei /Ωˆr → +∞:
Ωˆr =
1
ηe
+
5
4
and
1
β∗ =
23
2
√
pi
6
Γ
(
17
4
)( Ωˆr
νˆthei
)3/2
(2.47)
On Fig.(2.4), asymptotic limits given by Eq.(2.46) and Eq.(2.47) are represented respectively by
the blue squares line and the red triangle line. The full calculation converge towards (νthei < 10−6
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Figure 2.4 – Marginal stability of a MTM as a function of νˆthei the electron collision frequency
using the set of parameters presented in Table 5.2. Black cross line : marginal stability obtained
solving Eq.(2.45), blue squares line : asymptotic limit νˆthei /Ωˆr → 0, red triangle line : asymptotic
limit νˆthei /Ωˆr → +∞.
and νthei > 1014 for less than 1% difference). The asymptotics limits for very low and very high
value of the collisionality. MTM is stable in both the collisionless and strongly collisional regime
consistently with[35, 36].
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3
A kinetic model for the stability of a collisional
current sheet
In the previous chapter, a slab kinetic current sheet has been modeled using the Ampère equa-
tion. In agreement with past analytical results [35, 36, 47], the microtearing mode can be destabi-
lized by an electron temperature gradient in the presence of collisions. In the absence of collisions,
the microtearing mode is found stable. However, this result seems to be in contradiction with recent
gyrokinetic simulations showing unstable MTMs in standard tokamak JET [33, 34, 48], ASDEX-
Upgrade [49, 50], DII-D [51], in spherical tokamak [32, 31, 52, 53, 54, 55, 56] and in Revers-field
pinch[57, 58]. This chapter is devoted to "reconcile" analytical and numerical MTM stability studies.
More precisely, this disagreement reveals that the destabilization mechanism at play for a MTM is
still an open question.
To start dealing with this question, one has to remark that 3D gyrokinetic simulations including
more physics than simple kinetic models of a slab current sheet. In the first section, a more
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complete model of a current sheath using the ballooning representation [14] (as in gyrokinetic
simulations) is derived in a kinetic framework. In particular, the electric potential and the magnetic
drift are included together in the model. Then, in the second section, a brief description of the
gyrokinetic code GKW used in this thesis is given. In order to directly compare the gyrokinetic
simulations with the theoretical models, it is possible to "downgrade" the GKW code by keeping
only the physical terms included in the theoretical models. In the third section, comparisons be-
tween analytical models and numerical simulations are presented at various collisionalities. As
soon as simulations include the same physics as the theoretical models, a good agreement found.
More precisely, magnetic drift and electric potential effects on the MTM stability are investigated.
It is found that at finite collisionality these two mechanisms have a destabilizing effect (i. e. the
MTM linear growth rate increases). However, at low collisionality, the MTM is found stable even in
the presence of magnetic drift and electric potential [59].
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3.1 Linear kinetic description of a current sheet in the presence of
magnetic drift and electric potential
To better understand the linear mechanisms at play in the MTM destabilization and how MTMs
affect electron heat transport, a new analytical calculation including collisions, electromagnetic
effects and the magnetic drift velocity has been formulated. In this model, the stability of a current
sheet in the vicinity of a resonant surface is investigated in a kinetic framework. The evaluation of
the current in the current sheet is obtained by solving the Maxwell equations, which are written in
a variational form:
L = − 1
µ0
∫
d3x
∣∣∣∇⊥A‖∣∣∣2 + ∫ d3x(J‖A∗‖ − ρφ∗) (3.1)
where φ∗ and A∗‖ are the complex conjugate of the electric potential and the vector potential,
respectively and ρ is the charge density. The extremalisation of the functional with any variation of
φ∗ and A∗‖ is equivalent to the linearized electro-neutrality and Ampère equations. One important
property of L is that it vanishes when φ and A‖ match the solution of Maxwell equations. In this
linear model a simple geometry of circular concentric magnetic surfaces is considered, where r is
the minus radius, ϕ the toroidal angle and θ the poloidal angle. To study the electrons dynamics
including the magnetic drift, the ballooning representation appears as the appropriate tool. Indeed,
from linear gyrokinetic simulations presented in [47], the mode structure is observed to be strongly
peaked at the low field side mid-plane. The system of equations is solved in the "ballooning" space
[41] using the field aligned coordinates (r, α, η). Here, α = ϕ− q(r)θ is a transverse coordinate
and η = θ plays the role of a coordinate along the unperturbed field lines. Any perturbed field,
for instance the vector potential A‖, at given toroidal wave number n and complex frequency ω, is
written:
A‖(r, α, η, t) =
∞
∑
p=−∞
Aˆ‖(η + 2ppi) exp {inα+ inq(r) (ηk − 2ppi)− iωt}+ c.c. (3.2)
where ηk is the ballooning angle. The perturbed current J‖ in the current layer can be calculated
analytically including collisions, electromagnetic effects, the magnetic drift velocity and using a
constant A‖ approximation 1 (A‖ is constant in the current layer). The starting point is to determine 1(author?) 38
the current in the parallel direction using the Fokker-Planck equation for each charged species.
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Indeed,
J‖ = ∑
species
e
∫
d3v fnωv‖. (3.3)
The distribution function fnω for each species at given nω is split in an unperturbed part Feq taken
as an unshifted Maxwellian of temperature Teq, and a perturbed part fˆnω
(
η, v‖, µ
)
, where v‖ is
the parallel velocity and µ the magnetic moment. The perturbed distribution function fˆnω is itself
written as the sum of an adiabatic part and a resonant part fˆnω = −FM hˆnωTeq + g¯nω, where hˆnω =
e
(
φˆ− v‖ Aˆ‖
)
is the perturbed Hamiltonian, φˆ(η) and Aˆ‖(η) are the n,ω Fourier components of
the electric and vector potentials. Thus g¯nω is solution of the following kinetic equation:
(
ω− k‖v‖ −ωd
)
g¯nω =
FM
Teq
(ω−ω∗)J hˆnω + iC(g¯nω)
where J is the gyro-average operator, C is a linearized Fokker-Planck operator (pitch-angle
scattering only), ω∗ = ω∗T(
1
ηe
+ ζ2 − 32 ) is the kinetic diamagnetic frequency with ζ = v/vThe and
ω∗T =
kθρi
2
√
me
mi
vThe
R
R
LTe
where vThe =
√
2Te/me is the electron thermal velocity and ηe = Lne/LTe is
the ratio of the electron density scale length Lne to the electron temperature scale length LTe (all
gradients are calculated at the reference magnetic surface r = r0). The electron and ion mass
and temperature are noted me, mi, Te and Ti, respectively. ρi = miv⊥eB0 is the ion Larmor radius and
R is the major radius.
In the ballooning representation, k‖ must be understood as an operator −i 1q0R0 ∂∂η . The mag-
netic drift frequency is defined as ωd =
nq0
r0
mv2‖+µB0
eB0R0
(cos η + s0(η − ηk) sin η) where ηk is the bal-
looning angle and s0 = rdqqdr
∣∣∣
r=r0
the magnetic shear at the reference resonant surface. The func-
tional Eq.3.1 can be written indifferently in the physical space or in the ballooning space. Note
that in ballooning representation |∇⊥|2 should be replaced by k2⊥ = k2θ
[
1+ s20(η − ηk)2
]
, where
kθ = − nq0r0 is the reference poloidal wave number. Finally, the functional can be written as:
L = − 1
µ0
∫
d3x
∣∣∣∇⊥ Aˆ‖∣∣∣2 + ∑
species
∫
d3x
Neqe2
Teq
∣∣φˆ∣∣2 − ∑
species
∫
dτg¯nω hˆ∗nω
where dτ = d3xd3p is the volume element in the phase space. It turns out that the Hamiltonian
formulation is not the most suitable one to get close to the traditional resistive MHD formulation.
Indeed one would like to manipulate the parallel electric field rather than a perturbed Hamiltonian
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hˆnω. This is done via the following transformation
hˆnω
e
=
ω− k‖v‖ −ωd
ω
φˆ+
ωd
ω
φˆ− v‖Eˆ‖ (3.4)
where Eˆ‖ = Aˆ‖−
k‖
ω φˆ is proportional to the parallel electric field. It is then convenient to replace the
distribution function g¯nω by gˆnω = g¯nω − FMTeq eω−ω
∗
ω J φˆ . The new distribution function is solution
of
(
ω− k‖v‖ −ωd
)
gˆnω − iC(gˆnω) = e FMTeq (ω−ω
∗)J
(ωd
ω
φˆ− v‖Eˆ‖
)
. (3.5)
The functional becomes
L = − 1
µ0
∫
d3x
∣∣∣∇⊥ Aˆ‖∣∣∣2 + ∫ dτ FMe2Ti,eq ω−ω
∗
i
ω
(
1−J 2
) ∣∣φˆ∣∣2
+ ∑
species
∫
dτ
FMe2
Teq
ω∗ωd
ω2
∣∣J φˆ∣∣2 + ∑
species
Lres (3.6)
where
Lres = −e
∫
dτgˆnωJ
(ωd
ω
φˆ− v‖Eˆ‖
)∗
. (3.7)
Eq. (3.6) can be understood as follow : the first term is the magnetic energy, and gives rise to the
field part of the Ampère equation. The second term is the polarization term (including diamagnetic
corrections), it results from both ion and electron contributions. The third term is the interchange
drive. The last term is associated with the resonant response of ions and electrons. It is the one we
are interested in. Contrary to electrons, ions can be considered as collisionless. The ion resonant
contribution can be neglected. To determine the electron resonant response a simplified collision
operator is used, i.e. an electron-ion pitch-angle scattering collision operator:
C(gˆnω) = 12νei(v)
∂
∂ξ
(
1− ξ2
) ∂gˆnω
∂ξ
(3.8)
where νei(v) is the electron-ion collisional frequency and ξ =
v‖
v is the pitch-angle variable
(which varies between −1 and 1), and v the velocity modulus. It is natural to choose (v, ξ) as new
velocity variables, the volume integration being dτ = d3x2piv2dvdξ. It is then convenient to expand
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gˆnω(η, ξ , v) over a basis of Legendre polynomials P`(ξ) :
gˆnω(η, ξ , v) =
+∞
∑
`=0
gˆnω`(η, v)P`(ξ) (3.9)
Indeed Legendre polynomials are eigenfunctions of the collision operator : C(P`) = −`(`+ 1)νeiP`.
One has P0(ξ) = 1, P1(ξ) = ξ, and all other polynomials can be calculated via the recurrence
(`+ 1)P`+1 = (2`+ 1)ξP`− `P`−1. We restrict the calculation to the two first components gˆnω0 and
gˆnω1. The closure 2P2 = 3ξP1− P0 is determined using the recurrence formula. The electron gyro-
average operator can be set to one because of the small electron gyroradius, and we ignore in the
following the second-order compressional term ωdω φ, this term tends to be small. The projections
onto the 2 first polynomials give the following relations
(ω−ωd) gˆnω0 − 13k‖vgˆnω1 = 0 (3.10)
(ω−ωd + iνei) gˆnω1 − k‖vgˆnω0 = −e FMTeq (ω−ω∗) vEˆ‖ (3.11)
To make the calculation tractable, the dependence of ωd on ξ is ignored, i.e.
ωd =
nq0
r0
2
3
mv2
eB0R0
(cos η + s0(η − ηk) sin η), corresponding to ξ2 = 1/3, is assumed. Note that as
the magnetic drift frequency depends on η, Eqs(3.10, 3.11) are two coupled differential equations
in η. It is convenient to introduce a new variable η¯(v, η), instead of η, and defined by the differential
equation
dη¯
dη
=
√
3qR0
v
(ω−ωd(v, η)) (3.12)
which is invertible as long as the root η0(v) of the equation ω = ωd(v, η0) is larger than the mode
width in η. We choose by convention η¯ = 0 when η = 0. All functions can then be expressed as
functions of η¯ in place of η. We also introduce the functions λ(v, η¯) =
(
1+ i νei(v)
ω−ωd(v,η¯)
)1/2
and
Q(v, η¯) = FMTeq
ω−ω∗
ω−ωd(v,η¯)v. The square root is chosen such that the imaginary part of λ is positive.
The function gˆnω1(v, η¯) is then solution of the differential equation
∂2 gˆnω1
∂η¯2
+ λ2 gˆnω1 = −QeEˆ‖ (3.13)
while gnω0 = −i 1√3
∂gˆnω1
∂η¯ . We note that only gˆnω1 is needed since the resonant functional can be
expressed as
Lres = e
∫
dτgˆnω1
v
3
Eˆ∗‖ (3.14)
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where the volume element in the ballooning space is dτ = dη2pi4piv2dv. Let us introduce the function
Λ(v, η¯) =
∫ η¯
0 dη¯
′λ(v, η¯′). If 1Λ
∂Λ
∂η¯  1gˆnω1
∂gˆnω1
∂η¯ (WKB approximation [60]), then e
±iΛ are solutions
of the homogeneous equation, and a formal solution of Eq.3.13 is
gˆnω1 = −e
∫ η¯
−∞
dη¯′
2iλ(v, η¯′) exp
{
i
[
Λ(v, η¯)−Λ(v, η¯′)]}Q(v, η¯′)Eˆ‖(η¯′)
+ e
∫ η¯
+∞
dη¯′
2iλ(v, η¯′) exp
{
i
[
Λ(v, η¯′)−Λ(v, η¯)]}Q(v, η¯′)Eˆ‖(η¯′) (3.15)
The WKB approximation is justified in the weakly collisional regime and when ω  ωd, so that
the variations λ(v, η¯) =
(
1+ i νei(v)
ω−ωd(v,η¯)
)1/2
with η¯ are slow compared to the variation of gˆnω1.
Plugging the formal solution Eq. (3.15) into the functional Eq. (3.14) provides formally the required
functional
Lres = −13
∫ +∞
0
dv4piv4
FMe2
Te,eq∫ +∞
−∞
dη¯dη¯′
2pi
dη(v, η¯)
dη¯
ω−ω∗e
ω−ωd(v, η¯)
1
2iλ(v, η¯′) ·{
Θ
(
η¯ − η¯′) exp {i [Λ(v, η¯)−Λ(v, η¯′)]}
+Θ
(
η¯′ − η¯) exp {i [Λ(v, η¯′)−Λ(v, η¯)]}} Eˆ‖(η¯′)Eˆ∗‖ (η¯) (3.16)
where Θ is an Heaviside function. We consider the long wavelength limit, where 1−J 2 = 12k2⊥ρ2i .
The ion inertia functional then becomes
∫
dτ
FMe2
Ti,eq
ω−ω∗i
ω
(
1−J 2
) ∣∣φˆ∣∣2 = ∫ d3xNeqmi
B20
ω−ω∗pi
ω
∣∣∇⊥φˆ∣∣2 (3.17)
where ω∗pi = −
kθTi,eq
eB0Lpi
and Lpi is the ion pressure gradient length. The interchange drive in the
functional becomes:
∑
species
∫
dτ
FMe2
Teq
ω∗ωd
ω2
∣∣J φˆ∣∣2 = ∫ dτ FMe2
Teq
ω∗ωd
ω2
∣∣φˆ∣∣2 (3.18)
The final form of the functional then becomes:
L = − 1
µ0
∫
d3x
∣∣∣∇⊥ Aˆ‖∣∣∣2 + ∫ d3xNeqmiB20
ω−ω∗pi
ω
∣∣∇⊥φˆ∣∣2
+
∫
dτ
FMe2
Teq
ω∗ωd
ω2
∣∣φˆ∣∣2 + Lres (3.19)
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where
Lres = − qR0√
3
∫ +∞
0
dv4piv3
FMe2
Te,eq
(ω−ω∗e )∫ +∞
−∞
dη¯
2pi
dη¯′
2iλ(v, η¯′) ·
{
Θ
(
η¯ − η¯′) exp {i [Λ(v, η¯)−Λ(v, η¯′)]}
+Θ
(
η¯′ − η¯) exp {i [Λ(v, η¯′)−Λ(v, η¯)]}} Eˆ‖(η¯′)Eˆ∗‖ (η¯) (3.20)
and Eˆ‖(η¯) = Aˆ‖(η¯)− ω−ωdiω 1v ∂∂η¯ φˆ. The complex form of the functional can be simplified by assum-
ing an effective magnetic drift term.
3.2 GKW- a gyrokinetic δ f flux-tube code
3.2.1 Description of the gyrokinetic equations solved in GKW
In order to validate the linear theory described in the previous section, the linear dispersion
relation (given by Eqs.3.41) has to be compared with gyrokinetic simulations. In this work, the
Gyro-Kinetic Workshop (GKW) code is used [61]. In this code, the evolution of the perturbed gyro-
center distribution function δ f (t,X, v‖, µ) is obtained by solving the gyro-averaged Vlasov equation
coupled to the quasi-neutrality equation and Ampère’s law. X is the gyrocenter position, v‖ is the
gyrocenter parallel velocity and µ = mv2⊥/(2B) is the magnetic moment with the perturbed po-
tential δφ and the perturbed potential vector δA. As mentioned previously, µ is an invariant and
dµ/dt = 0. All the fields are decomposed into a unperturbed part and a fluctuating part. The
evolution equations for the gyro-centre position X and for the parallel velocity are:
dX
dt
= v‖b+ vD + vχ (3.21)
mv‖
dv‖
dt
=
dX
dt
.
[
ZeE− µ∇B+mΩ2R∇R
]
(3.22)
where b the unit vector parallel to the magnetic field line. R andΩ represent respectively the major
radius and the frame rotation frequency in which GKW equations are formulated. The perturbed
gyro-averaged electric field is defined as:
E = −∇〈φ〉gy −
〈A‖〉gy
∂t
b−∇〈Φ〉gy. (3.23)
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Here φ is perturbed electrostatic potential, Φ the poloidally varying equilibrium potential induced
by plasma rotation or temperature anisotropy and the gyro-average is represented by the brackets
〈〉gy. The total distribution is split into an unperturbed part FM taken as an unshifted Maxwellian
and a perturbed part f :
F = FM + f (3.24)
where
FM =
N
(2piT/m)3/2
exp
[
− (v‖ − (RBt/B)ωφ)
2 + 2µB/m
v2th
− ξΩ/T
]
(3.25)
v2th = 2T/m is the thermal velocity, ω(φ) is the plasma rotation, m and T are the mass and the
temperature, respectively. Finally, one could write the general evolution equation solved in GKW
:
∂ f
∂t
+ (v‖b+ vD + vχ).∇ f −
b
m
.(µ∇B+∇ξΩ) ∂ f∂v‖
= S. (3.26)
The velocities and the source terms are defined as:
— v‖b is the parallel velocity of along the unperturbed magnetic field.
— vD is the drift velocity due the inhomogeneous magnetic field:
vD =
1
Ze
[mv2‖
B
+ µ
]B×∇B
B2
+
mv2‖
2ZeB
β′b×∇ψ+ 2mv‖
ZeB
Ω⊥ +
1
ZeB
b× ξΩ (3.27)
1. ψ is the radial coordinate, flux label
2. Ω⊥ is the toroidal rotation vector perpendicular to the magnetic field
3. β′ = 2µ0B0
∂p
∂ψ
4. ξΩ = ZeΦ− 12mΩ2(R2 − R20), where R0 is reference the major radius.
— vχ is a combinaison of the perturbed E× B velocity (vE = b×∇J φ/B) and the parallel
motion along the perturbed field line (vδB = −b×∇v‖J A‖/B) then vχ = vE + vδB.
vχ =
b×∇χ
B
with χ = 〈φ〉 − v‖〈A‖〉 (3.28)
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— The source term S is given the background distribution function and it is defined as:
S = −(vD + vχ).∇FM − ZeT
[
v‖b+ vD
]
.∇〈φ〉FM (3.29)
The gyrokinetic equation can be summarized by the following form:
∂g
∂t
= I + I I + I I + IV +V +VI +VII +VII I (3.30)
I→ the free streaming motion along the field line
I = −v‖b.∇ f (3.31)
II→ the magnetic drift in the perturbed distribution function
I I = −vD.∇ f →
− i
Z
[
TREDDα + TRv2‖β
′ξψα + 2mRvRv‖ΩHα +mRΩ2Iα + Zξβα
∂Φ
∂xβ
]
kα fˆ+
− ρ
∗
Z
[
TREDDs + TRv2‖β
′ξψs + 2mRvRv‖ΩHs +mRΩ2I s + Zξβs
∂Φ
∂xβ
]∂ fˆ
∂s
III→ non-linear term:
I I I = −vχ.∇g→ −ρ2∗
∂χ
∂xβ
ξβα
∂g
∂xα
= ρ2∗ξψζ
(∂χ
∂ζ
∂g
∂ψ
− ∂g
∂ζ
∂χ
∂ψ
)
IV→ the trapping term:
IV = +
b
m
.
(
µ∇B+∇ξΩ
) ∂ f
∂v‖
(3.32)
V→ the E×B drift into the background distribution:
V = −vχ.∇FM → ikαχˆξαψ
[ 1
Ln
+
mRΩ2
TR
L+ ET 1LT +
2v‖
vR
RBt
B
u′
]
FM
+ ρ∗
∂χˆ
∂s
ξsψ
[ 1
Ln
+
mRΩ2
TR
L+ ET 1LT +
2v‖
vR
RBt
B
u′
]
FM
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VI→ neoclassical term:
VI = −vD.∇FM → 1Z
[
TREDDψ + 2mRvRv‖ΩHψ +mRΩ2Iψ + Zξβψ
∂Φ
∂xs
]
×
[ 1
Ln
+
mRΩ2
TR
L+ ET 1LT +
2v‖
vR
RBt
B
u′
]
FM
VII→ parallel Landau damping term:
VII = −Ze
T
v‖b∇〈φ〉FM (3.33)
VIII→ perpendicular Landau damping term:
VII I = −Ze
T
vD.∇〈φ〉FM →
− i
[
EDDα + β′v2‖ξψα +
2mRvR
TR
v‖ΩHα +
mRΩ2
TR
Iα + Z
TR
ξβα
∂Φ
xβ
]
kα〈φˆ〉FM+
− ρ∗
[
EDDs + β′v2‖ξψs +
2mRvR
TR
v‖ΩHs +
mRΩ2
TR
I s + Z
TR
ξβs
∂Φ
∂xβ
]∂〈φˆ〉
∂s
FM
where:
— χˆ = 〈φˆ〉 − 2vRv‖〈Aˆ‖〉
— ED = v2‖ + µB
— ET = v2‖ + 2µB+ ξR − 32
In GKW, the Poisson equation is used to calculate the perturbed electric potential φ:
∑
sp
ZspnR0 ,sp
[
2piB
∫
dv‖dµJ0(k⊥ρsp)gˆsp +
Zsp
TRsp
[
Γ(bsp)− 1
]
exp(−ξRsp)φˆ
]
= 0 (3.34)
The vector potential is calculation using the Ampere’s law:
(
k2⊥+ β∑
sp
Z2spnR0 ,sp
mRsp
exp(ξRsp)Γ(bsp)Aˆ‖ = β∑
sp
ZspvRspnR0 ,sp× 2piB
∫
dv‖
∫
dµv‖J0 gˆsp (3.35)
The notations of these terms follow the notations used in the GKW user guide
[62] where detailed informations related to the code can be found.
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3.2.2 Relevant GKW input parameters for MTM
The aim of this chapter is to "reconcile" linear theory with gyrokinetic simulations. As a con-
sequence, the physics included in the code and the input parameters are to be consistent with
the linear theory under scrutiny. All the results presented in this thesis use the local version of
GKW. The gyrokinetic Fokker-Planck equation of the perturbed distribution function fˆgy is solved
in the flux-tube approximation, and the field-line coordinates are used in the code. To be closer to
the assumption of the analytical calculation of previous section, a linearized collision operator with
pitch- angle scattering only is used. Non-linearities, particle trapping, neoclassical transport and
magnetic field compression. Finally, in order to compare with the linear theory Eqs.3.41-3.20, only
the required physics is remained in the code, i. e. the magnetic drift and the electric potential. One
can note that the effects of these two phenomena could be investigated separately (switching off
one by one form the code and the theory) or together (keeping the two in the code and the theory).
For the gyrokinetic simulations of MTM, the set of the physical parameters presented in the in
Table 3.1 is used. The circular geometry is used in the simulations.
Table 3.1 – Revelant input parameters used for the theoretical calculations of MTM.
e q s β(%) R/LTe R/LTi R/Lni R/Lni kθρi
0.22 1.34 1.08 1.55 8 0 0.263 0.263 0.3
MTMs are sensitive to β (the ratio of plasma kinetic to magnetic pressure) and to the electron
temperature gradient R/LTe [35, 36, 47]. Their values are chosen to have a sufficiently high MTM
growth rate at high collisionality. The numerical study of MTM is challenging. MTMs are localized
around the resonant surface. The current sheet is very thin, which implies having a high numeri-
cal resolution and a weak numerical dissipation, in particular at low collisionality. At low collision
frequency the artificial numerical dissipation implemented in the code to ensure the stability of
the numerical schemes can play the role of collisions leading to a destabilization of MTM in this
regime. For all gyrokinetic simulations we used the numerical resolutions presented in Table 3.2.
Table 3.2 – Revelant input parameters used for the theoretical calculations.
Nµ Nv‖ Ns Npol
16 60 79 99
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The number of points per poloidal turns Ns and the number of poloidal turns Npol ( equivalently,
the number of connected radial modes) have been adjusted to enable an accurate description of
the mode. Note that for ITG modes, Ns = 24 and Npol = 5 is usually sufficient. Nµ is the number
of magnetic moment grid points, Nv‖ is the number of parallel velocity grid points.
3.3 MTM stability
3.3.1 Magnetic drift effect on the MTM stability
Linear dispersion relation of MTM with an effective magnetic drift and in presence of colli-
sions
Now that the gyrokinetic code GKW used to test the validity of the analytical theory has been in-
troduced, we go back to the final form of the functional obtained in Eq.3.41 order to investigate the
effect of the magnetic drift on the MTM stability, a linear dispersion relation neglecting the electric
potential and using an effective magnetic drift is derived from Eqs.3.41 in the presence of collisions.
As mentioned previously, in the classical theory of microtearing mode, the solution is split into
an external current-less solution where∇2⊥A‖ = 0, and a layer where the current allows amatching
across the resonant surface. The external solution is A‖(0)e−|kθx| in the physical space. The ”A-
constant” approximation consists in assuming that the vector potential varies slowly within the
current layer A‖(x) ' A‖(0). The matching between the two solutions is represented by the usual
tearing index ∆′ =
[
1
A‖
dA‖
dx
]L
−L
. For a microtearing mode:
∆′ = −2 |kθ | . (3.36)
The same procedure can be applied in the ballooning space: the internal solution Aˆ‖(x) which is
constant in the physical space becomes a function Aˆ‖(η) in the ballooning space. Microtearing
modes are very localized around the resonant surface. Using an effective magnetic drift frequency
ωd(v, η) = ωd(v, 0), consistent with a ’strong ballooning approximation’ combinedwith the constant
A‖ approximation, a residue integration method in the variable x, 1 can de done for the Eqs.3.41.
Then, using the WKB approximation the total functional for a pure magnetic microtearing mode
1. (noticing that
∣∣∣ dk‖dr ∣∣∣ = 1|d|q0R0
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(φˆ = 0) becomes:
L = − 2 |kθ |
µ0 |d|
∣∣∣A‖(0)∣∣∣2
+ i
pi√
3
qR0
∣∣∣A‖(0)∣∣∣2 ∫ +∞
0
dv4piv3
FMe2
Teq
ω−ω∗(
1+ i νei(v)
ω−ωd(v,0)
)1/2 (3.37)
where d is the distance to the resonance surface and Neq is the local density. Let us now introduce
a few normalizations. All frequencies are normalized to the electron temperature diamagnetic
frequency ω∗Te =
kθTe,eq
eB0LTe
, i.e. Ω = ωω∗Te , νei =
νei,th
ω∗Te
, and Ωd(v, η) =
ωd(v,η)
ω∗Te
, where νei,th is the thermal
collision frequency . All velocities are normalized to the electron thermal velocity vTe =
√
2Te,eq
me .The
condition L = 0 which is achieved when A‖ is solution of the system, then reads
1
β∗ = 8i
√
pi
3
∫ +∞
0
dζζ
9
2 e−ζ
2 Ω−Ω∗(ζ)[
ζ3 + i νeiΩ−Ωdζ2
]1/2 (3.38)
where β∗ = 2µ0NeqTe,eqB2
q0R0
s0LTe
1
kθρe
, ρe = mevTeeB0 , Ω
∗(ζ) = 1ηe + ζ
2 − 32 , ηe = LneLTe and Ωd = 43
LTe
R0
. For
zero magnetic drift Ωd = 0 and without electric potential, the previous result obtained for the slab
collisional tearing mode is recovered [47]. The electron temperature gradient is at the origin of
the collisionnal microtearing mode destabilization. Eq. 3.38 shows that if the collisionality is zero
the magnetic drift does not play any role in the MTMs destabilization. The next is to compare the
relation dispersion Eq.3.38 with gyrokinetic simulations where the electric potential is neglected.
Comparison with numerical simulations
Using the set of parameters in Table 3.1 and the numerical resolution in Table 3.2 a comparison
between Eq.( 3.38) and numerical simulations has been done. One can note that for the compar-
ison the electric potential has been switched off in the simulations. Fig. 3.1 shows the numerical
and analytical growth rate of MTMs as a function of the electron-ion collisionality frequency, νGKWei .
To compare the mode frequency and growth rate of MTMs with GKW simulations, the theoretical
collision frequency, νˆei, has been normalized using GKW normalization: νGKWei = νˆei
kθρi
2
√
me
mi
R
LTe
.
In Fig. 3.1, it appears that MTMs are stable at both low and high collision frequency. At interme-
diate collisionality νGKWei R/vthi ∼ 10−2− 10−1, typical the pedestal region, MTMs are destabilized.
Analytical and simulations results agree fairly well in the low collisionality limit. However they
depart when the collision frequency increases. Numerical results remain unchanged when the
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Figure 3.1 – (a) Green plus sign and pink star points represent the analytical and numerical
linear growth rates of microtearing modes as a function of electron-ion collision frequency
νGKWei for the set of parameters presented in Table 3.1 and the blue point is the analytical linear
growth rates of interchange parity mode. (b): Green plus sign and pink star points represent
the analytical and numerical real frequency of microtearing modes and the blue point is the
analytical real frequency of interchange parity mode
resolution in GKW is increased. Also the numerical dissipation was tested and a sufficiently low
value was used, since velocity dependent numerical dissipation may artificially trigger MTMs. An
exact value of the pulsation can be derived in the collisionless limit from the dispersion relation
Eq.??, namely:
Ωr =
1
ηe
+
1
2
(3.39)
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This value agrees well with the numerical result Fig. 3.1 (b) when νGKWei → 0, keeping in mind
that all frequencies are normalised to vthi/R (GKW convention) so that ωGKWr = ω
Theory
r
ω∗TeR
vthi
=
1.2ωTheoryr . Hence the value of the pulsation, ω
theory
r (vthi/R) = 0.69 (in the Fig.3.1 (b)) at νGKWei =
10−3 becomes ωtheoryr = 0.57 when normalised to ω∗Te, i.e. quite close to 1/ηe + 1/2 = 0.533. At
the same collisionality, ωGKWr (vthi/R) = 0.8 becomes ωGKWr = 0.66 when normalised to ω∗Te. Note
also that, numerically with GKW code, this asymptotic value cannot be tested at lower collisionality
than νGKWei < 10−3, since the nature of the least stable mode changes (interchange parity), below
this walue, see blue point in the Fig. 3.1 (b). Surprisingly the agreement between numerical and
analytical values of the growth rate remains quite good when increasing the collision frequency up
to νGKWei ∼ 3.10−2 while the difference in the pulsation increases notably. Both γ and ωr differ from
theoretical values at collisionality higher than νGKWei < 2.10−2. At high collisionality, the current
sheet width becomes wider, and the "constant ψ" approximation is debatable [39]. The fair agree-
ment between the linear theory and GKW simulations and the structure of the mode presented in
the Fig. 3.2 legitimates a posteriori the use of an effective magnetic drift in the electromagnetic
model.
Microtearing modes structures
MTMs are clearly identified by their eigenfunctions: the vector potential Aˆ‖ is even and localized
around the low field side midplane. This agrees with the classical theory of tearing/microtearing
mode. Fig. 3.2 shows the real (blue curve) and imaginary (red curve) parts of the eigenfunctions
for linear simulations. The black curve represents the real part of the mode found analytically using
the set of parameters given in Table5.2. In the Fig. 3.2. (a), the blue and black curve represent
the real part of the vector potential Aˆ‖(s) along the magnetic field line. Aˆ‖(s) is even and localized
around the resonant surface. The radial structure expected by the theory (Eq. ??) is recovered
numerically: Aˆ‖(η) = Aˆ‖(0) 11+s20η2
. The localization of the vector potential near η = 0 a posteriori
justifies the use of an effective magnetic drift in the analytical calculation. Moreover, in the radial
direction, away from the current layer A‖ decays as A‖(0)e−|kθx| (Fig. 3.2). (b)).
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Figure 3.2 – Real and imaginary parts of the numerical eigenfuntion of a MTM at
νGKWei (vthi/Rre f ) = 0.016 using the set of parameters given in Table 3.1.
(a): vector potential Aˆ‖(s) along the magnetic field line in the ballooning space.
(b): radial structure of the vector potential A‖(x) in real space.
Dashed lines indicate resonant surfaces
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Figure 3.3 – Real and imaginary parts of the parallel current J‖ in the radial direction.
Figure 3.3 represents the radial profil of the parallel current. MTMs develop a thin current
layer around the resonant surface. To describe correctly the MTM current sheet a high numerical
resolution is required.
3.3.2 Effect of the electric potential in MTM destabilization
Electric potential effect on the linear dispersion relation in presence of collisions
The effect of the electric potential on the MTM stability is investigated from the Eqs.3.41. In the
reducedmodel, the Fokker-Planck equation is averaged over the cyclotronic motion (gyroaverage).
J is the gyroaverage operator which is defined as the Fourier transform of the Bessel function of
zero-th order. For k⊥ρi << 1, the Bessel function is approximated and replaced by 1− J 2 =
1
2k
2
⊥ρ
2
i for ions and by 1 for electrons,
ρe
ρi
=
√
me
mi
<< 1. In the resistive layer, k⊥ ' kr ' 1/δe,
k⊥ and kr are the perpendicular and radial wave number and δeρi =
ρe
ρi
Ls
LTe
is the collisionless layer
width. The Bessel function approximation is valid for the following condition, δe >> ρi. In the
opposite limit (k⊥ρi → +∞), this approximation is not valid. Let us start from Eq.(3.6) . The ion
polarization functional is:
∫
dτ
FMe2
Ti,eq
Ω−Ω∗i
Ω
(
1−J 2
) ∣∣φˆ∣∣2 = ∫ d3xNeqmi
B20
Ω−Ω∗pi
Ω
∣∣∇⊥φˆ∣∣2 (3.40)
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where Ω∗pi =
ω∗pi
ω∗Te
with ω∗pi = −
kθTi,eq
epB0Lpi
, Lpi is the ion pressure gradient length. The final form of
the functional then becomes
L = − 1
µ0
∫
d3x
∣∣∣∇⊥ Aˆ‖∣∣∣2
+
∫
d3x
Neqmi
B20
Ω−Ω∗pi
Ω
∣∣∇⊥φˆ∣∣2
+ ∑
species
∫
d3x
Neqmi
B20
Ω∗Ωd
Ω2
∣∣J φˆ∣∣2
+ Lres (3.41)
The complex form of the functional Eq.(3.41) can be simplified by assuming as in the previous
paragraph an effective magnetic drift. Thus,
Lres = 1
µ0d2e
∫ ∞
−∞
dx
|d|σ(x)
∣∣∣∣Aˆ‖ − k‖ω φˆ
∣∣∣∣2 (3.42)
where d2e = cωpe is the electron skin depth (ω
2
pe = Neqe2/mee0, ωpe is the electron plasma fre-
quency). The dimensionless ”conductivity” σ is defined as
σ(ρ) = −2
3
∫ +∞
0
dζFMζ2
Ω−Ω∗(ζ)
Ω−Ωdζ2 + i νˆeiζ3 − 13
ρ2ζ2
Ω−Ωdζ2
(3.43)
where Ωd is an effective magnetic frequency calculated at η = 0 and ρ = x/δe is the radial coor-
dinate. The extremalization of the functional in the physical space provides a set of two equations
∇2⊥ψˆ+ β∗σ(ρ, ζ)
(
ψˆ− ρ
Ω
φˆ
)
= 0 (3.44)
∇2⊥φˆ+ µe
ρ
Ω
σ(ρ, ζ)
(
ψˆ− ρ
Ω
φˆ
)
− Cintφˆ = 0 (3.45)
where ψˆ = vthe Aˆ‖, and
µe(Ω) =
me
mi
L2s
L2Te
1
1
Ω (
1
ηe
+ 1) + 1
and β∗ =
( Ls
LTe
)2
βe (3.46)
The quantities (β∗, µe) are defined to have compact equations. Cint is a coefficient associated with
the interchange term:
Cint =
(1+ 1ηe )
1+ 1Ω
(
1+ 1ηe
) 1
Ω2
( Ls
LT
)2me
mi
2LT
R
. (3.47)
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This system is nothing else than the equations of reduced MHD where the Spitzer[63] con-
ductivity is replaced by the kinetic conductivity σ(ρ, ζ)[57]. We call it kinetic reduced MHD model
(KRMHD). To solve Eqs. (3.44,3.45), equations are written in a matrix form. Aˆ‖ is assuming to de-
cay at large |x| as Aˆ‖ ∼ exp(−|kθ ||x|). The matching with the external solution is represented by
the ∆′ parameter, which defined for a microtearing mode by ∆′ = −2|kθ |. The asymptotic matching
allows fixing the boundary conditions. When x = 0, the boundary conditions are: dAˆ‖dx |x=0 = 0
and φˆ(0) = 0. When |x| → +∞, the conditions are: |φˆ| → 0 and |Aˆ‖| → exp(−|kθ ||x|). Eqs.
(3.44,3.45) are solved far away from the current layer. These equations are then implemented in an
eigenvalue code, called "Solve_AP". The results obtained from "Solve_AP" are directly compared
with gyrokinetic simulations using a version of GKW close to the theoretical model. A reasonable
agreement is observed in the long wavelength limit, δe >> ρi. Fixing revelant physical parameters
(Table ??) to be in this limit, we seek the growth rate and the frequency of the mode solution of this
system of equations. This comparison is presented in section 3.3.3.
3.3.3 Magnetic drift and electric potential effects on the MTM stability
Here, the gyrokinetic Fokker-Planck equation of the perturbed distribution function fˆgy is solved
in the electromagnetic case with a perturbed electric potential φˆ and a pertubed vector potential
Aˆ‖ in the flux-tube approximation. We add the perturbed electric potential in the GKW simulation
( terms VII and VIII and quasi-neutrality equation) to be closer to the assumption of the analytical
calculation, as in the previous comparison a linearized collision operator with pitch- angle scat-
tering only is used. Non-linearities, particle trapping, neoclassical transport and magnetic field
compression are switched off. The gyrokinetic equation solved in this section can be written in the
form:
∂g
∂t
= I + I I +V +VII +VII I (3.48)
Using the set of parameters in Table 3.1 and the numerical resolution in Table 3.2 a comparison be-
tween Eqs.3.44-3.45 and numerical simulations has been done in different regimes : with/without
magnetic drift and with/without electric potential.
Destabilization mechanisms of MTMs - Numerical investigations
The role played by the electric potential and the magnetic drift is investigated numerically. The
electric potential and magnetic drift are switched on step by step in the GKW to better understand
their role in the MTM destablisation Fig. 3.4. Without electric potential and without magnetic drift
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Figure 3.4 – Growth rate of the microtearing mode as function of the electron-ion collision
frequency. Different cases have been studied to better understand the role played by the
magnetic drift and the electric potential. First case, without electric potential and without
magnetic drift (black square), second case without electric potential and with magnetic drift
(green plus sign), third case with electric potential and without magnetic drift (blue triangle)
and the last case with both electric potential and magnetic drift (red cross)
(black square), it appears that MTMs are stable at both low and high collisionality. For interme-
diate collisionality, typical of value in the pedestal region, MTMs are unstable, destabilized by
the electron temperature gradient. A fair agreement between analytical calculation and numerical
simulations was found, details can be found in [47]. The magnetic drift is then added in the code
(green plus sign curve). Without the electric potential, the magnetic drift destabilizes MTMs in the
intermediate collisionality. The role played by the electric potential is now investigated. The elec-
tric potential has been added in GKW and the magnetic drift has been switched on or off (the blue
triangle and the red cross curve in the Fig. 3.4 respectively). It appears that, without magnetic drift
and with electric potential, another branch with opposite parity appears at high collisionality (purple
triangle). These modes are giant electrons tails modes [64]. The growth rate definitely vanishes
at low collisionality, whereas the growth rate of MTMs increases then rolls over and decreases.
Finally, with magnetic drift and the electric potential (red cross) MTMs are more unstable but still
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stabilized at very low electron-ion collisions. For this set of parameters (Table 3.1), the electric
potential and magnetic drift destabilize MTM in the intermediate collisionality.
"Reconciliation" of the linear theory with the numerical simulations
Table 3.3 – Revelant input parameters used for the KRMHD model and the linear simulations
with GKW.
e q s β(%) R/LTe R/LTi R/Lni R/Lni kθρi
0.22 2.2 0.3 0.9 10 0 0.26 0.26 0.3
Eqs.3.44 and 3.45 are now solved using the eigenvalue code Solve_AP. As presented on
Fig.3.5, a good agreement is found between the linear theory and simulations including both mag-
netic drift and electric potential. As in the case without magnetic drift and without electric potential,
the theoretical model slightly underestimates the mode frequency, especially at large collisionality
10 -2 10 0
ei
GKW (v thi /R)
0.1
0.15
0.2
0.25
(a)
Discussion on MTM stability at low collisional regime - Effect of trapped particles
Hence, the present study does not find unstable MTMs low, collisionalities. At first sight, this is
at odds with Refs [? ] and [65] which show that MTMs can be unstable in the collisionless regime,
presumably due to the magnetic drift. One possible explanation could be a destabilizing effect
of trapped electrons not included in this work. Therefore, we have investigated the role played
by trapped particles. It appears indeed that trapped particle play a significant role in the MTMs
stability. For the set of parameters as stated in the Table 3.1, the effect of trapped particles is
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Figure 3.5 – Comparison between linear analytical growth rate (a) and frequency (b) of MTMs
as the function of the electron-ions frequency using the set of parameters presented in Table 3.3
and including magnetic drift and electric potential perturbations.
added in the GKW code. More specifically, the following term is added in the code :
IV = +
b
m
.
(
µ∇B+∇ξΩ
) ∂ f
∂v‖
. (3.49)
Indeed, this term calculates the mirror trapping terms. Results are shown in Fig.3.6. At in-
termediate collisionality 10−3 < νGKWei < 10−2, trapped particles enhance the MTM growth rate,
whereas at higher collisionality νGKWei > 10−2 it makes the MTM growth rate smaller. At low col-
lisionality, νGKWei < 10−3, it turns out that the most unstable modes are trapped electrons modes
(TEM) (see blue square curve in the Fig.3.6). For these simulations, GKW was run as an initial
value code. Eigenvalue runs, not attempted in the frame of this thesis, would be required to check
whether subdominant MTMs are unstable at low collisionality.
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Figure 3.6 – Growth rate of the microtearing mode as function of the electron-ion collision
frequency. Different cases have been studied to better understand the role played by the
trapped particles. The red cross curve is the same curve presented in the Fig. 3.4, the electric
potential and magnetic are considered whereas the trapped particles are neglected. The effect
of trapped particles is added in the GKW code, blue and green square curves.
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Nonlinear gyrokinetic simulations of
microtearing turbulence
In the previous chapter, the linear stability of microtearing modes has been studied. Past an-
alytical calculations have been improved by adding step by step the missing physical effects. It
appears that both the magnetic drift and the electric potential play an important role in the MTMs
destabilization by increasing the growth rate of this microinstability in the presence of collisions.
At this stage, the understanding and the evaluation of the electron heat transport generated by
this microinstability becomes crucial. In this chapter, nonlinear gyrokinetic simulations have been
performed in order to compute the characteristics of microtearing turbulence and the associated
heat fluxes in tokamak plasmas. In particular, a set of nonlinear simulations confirmes that a
microtearing turbulence produces a large electron heat flux. A quasi-linear model of fluxes due to
microtearing turbulence has been developed and compared with nonlinear simulations.
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4.1 Stochasticity and transport in a bath of magnetic islands
4.1.1 Introduction
Let us consider magnetic fluctuations, that derive from a perturbed vector potential, written as
a Fourier series
A˜‖(r, θ, ϕ, t) = ∑
m,n,ω
A˜‖,mnω(r) exp {i (mθ + nϕ−ωt)} (4.1)
One important issue is to establish the conditions under which a set of magnetic perturbations
induces some transport. It can be anticipated that electrons are mostly affected by a magnetic
turbulence. Indeed the principal effect of magnetic perturbations is to modify the direction of field
lines (see Fig.4.1) For a given level of magnetic fluctuations B˜rBeq , where B˜r is the radial component
of the perturbed magnetic field, and Beq the equilibrium field , the effective radial velocity of a
particle that closely follows a field line is B˜rB v‖.
Figure 4.1 – Modification of the magnetic field line direction in presence of magnetic
perturbations. B˜rBeq is the magnetic fluctuation level, B˜r is the radial component of the perturbed
magnetic field, and Beq the equilibrium field. The effective radial velocity of a particle that
closely follows a field line is B˜rB v‖.
A simple random walk argument predicts a diffusion coefficient DM of the order of DM ∼
b˜2r v2‖ ∗ τc, where τc is a decorrelation time, i.e. the typical time needed for a change of sign of the
radial displacement, and
b˜r =
〈(
B˜r
Beq
)2〉1/2
(4.2)
is the rms value of magnetic fluctuations (the bracket designates a statistical average). Hence
the diffusion coefficient increases with the parallel velocity unless the decorrelation time increases
faster with the velocity. In fact a reasonable estimate of τc is L‖c/
∣∣∣v‖∣∣∣, where L‖c is a parallel corre-
lation length associated with the perturbed magnetic field. The diffusion coefficient then becomes
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DM ∼ b˜2r L‖c
∣∣∣v‖∣∣∣ (4.3)
This is the well-known Rechester-Rosenbluth expression [66]. This expression was found to de-
scribe well the transport due to a MTM turbulence [67]. It thus provides a useful guideline. An
alternative description is based on the notion of field line diffusion
〈
δr2
〉
= 2∆s`. Here δr is the
radial displacement, ` a length along a field line, ∆s is a geometric length characteristic of the
diffusion of field lines
∆s ∼ b˜2r L‖c (4.4)
In the seminal work of Rechester-Rosenbluth [66], the parallel decorrelation length L‖c is the major
radius R0 up to a function of the magnetic shear s = rdq/rdr, while reference [67] uses L‖c =
2piqR0. In this scheme where particles follow closely field lines, a diffusion of field lines with a
characteristic length ∆s yields an estimate of the particle diffusion coefficient via the simple rule
DM = ∆s
∣∣∣v‖∣∣∣
It is clear that electrons diffuse faster than ions since the ratio of electron to ion thermal velocities
scales as
√
mi
me
Te
Ti
 1 - typically 60 times faster for a deuterium plasma with equal electron and
ion temperatures. This leads to charge separation that is not allowed as long as the fluctuation
spatial scales are larger than the Debye length. To ensure ambipolarity, a positive radial electric
field sets on in the turbulence frame of reference, i.e. the frame of reference that moves with a
velocity equal to the mean phase velocity of fluctuations.
In the laboratory frame, this effect materialises through a rotation of fluctuations in the electron
diamagnetic direction. Heat flux has no reason to vanish, since there is no ambipolarity constraint
on energy. Field line diffusion produces mainly an electron heat flux - the particle and ion heat
fluxes being 60 times smaller. Obviously a realistic MTM turbulence has to be electromagnetic
since the electric potential of linear MTM modes was found to be non zero. Therefore substan-
tial particle and ion heat fluxes are also expected, but essentially due to the E × B drift velocity
fluctuations. A calculation similar to the one done for magnetic fluctuations leads to the following
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estimate of the diffusion coefficient
DE ∼ v˜2Erτc
where v˜Er is a rms value of the perturbed E× B drift velocity. Keeping an estimate τc ∼ L‖c/
∣∣∣v‖∣∣∣
would actually predict a diffusion coefficient that decreases with the parallel velocity, consistently
with a transport that is more effective for ions than electrons. However these are rough estimates.
In particular, the value of the decorrelation time is a difficult issue. Some results obtained in the
past are discussed in the next sections, in particular the conditions under which a quasilinear
theory can be used. It is then shown that quasilinear fluxes are related to the functional that was
used for studying the linear stability of MTM. This powerful result allows deriving some predictions
as to the turbulent fluxes produced in a electromagnetic MTM turbulence.
4.1.2 Magnetic island
In this section, the equations of motions of particles in presence of magnetic island are de-
scribed. First, let us consider the case of a single perturbation (m, n,ω) in the expansion Eq.(4.1),
hence A˜‖(r, θ, ϕ, t) = 2A˜‖,mnω(r) cos ξ, where ξ = mθ + nϕ− ωt, up to an arbitrary phase. We
use a constant A‖ approximation, i.e. radial variations of A˜‖,mnω are ignored over a typical radial
scale of trajectories. The equations of motion in cylindrical geometry read
dr
dt
= −2kθ A˜‖,mnω
Beq
v‖ sin ξ
dξ
dt
= k‖v‖ −ω (4.5)
where k‖ = 1R0
(
n+ mq(r)
)
and kθ = mr are the parallel and poloidal wave numbers. The analysis
is restricted to the case where the transit frequency k‖v‖ is much larger than the mode pulsation
ω. This is a reasonable assumption for MTM, except inside the narrow current sheet. The parallel
wave number is expanded near the resonant surface r = rmn such that q(rmn) = −m/n, i.e.
k‖ = − kθLs x, where Ls =
qR0
s is the shear length, and x = r− rmn is the distance to the resonant
surface. The equations of motion then bear the Hamiltonian form
dr
dt
=
kθv‖
Ls
∂Λ
∂ξ
(4.6)
dξ
dt
= − kθv‖
Ls
∂Λ
∂x
(4.7)
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where
Λ =
1
2
x2 − 2 A˜‖,mnωLs
Beq
cos ξ
The contour lines Λ(x, ξ) = cte describe the well known shape of a magnetic island. The “O-point”
x = 0, ξ = 0 corresponds to the condition Λ = −2A˜‖,mnωLs/Beq , while the separatrix is the line
Λ = 2A˜‖,mnωLs/Beq (as shown in the Fig.4.2).
Figure 4.2 – Modification of the magnetic field lines topology in presence of a resonant
magnetic perturbation at the resonant surface of the perturbation. The outermost solid line
corresponds to the separatrix of the magnetic islan. The central point is reffered to as the
O-point and the intersection between the separatrix and the resonant surface is referred to as
the X-point. [Holzl Thesis, 2009]
Particles such that Λ → +∞ are weakly affected by the magnetic perturbation. The equation
of the separatrix is x = ±δI
∣∣∣cos( ξ2)∣∣∣, where
δI,mn =
√
8A˜‖,mnωLs
Beq
is the island half-width. Since a MTM mode decays as
A˜‖,mnω(r) = A˜‖,mnω(0)e−|kθx|
away from a resonant surface, it appears a posteriori that the constant A‖ω approximation holds
as long as |kθδI,mn|  1.
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4.1.3 Transition to stochasticity
The casewith several perturbations is now considered. To simplify the analysis, the spectrum of
perturbations is restricted to a single toroidal wave number n, and several poloidal wave numbers
m. The pulsation ω is still neglected against the transit frequency. Resonant surfaces (n,m)
are separated by a distance d = 1ndq/dr , assuming a linear profile of safety profile in the region
of interest. If the island half width δI,mn is much smaller than the distance d, it is reasonable to
infer that particles stay on magnetic islands and their motion remains integrable. However if two
adjacent islands interact, e.g. (m, n) and (m ± 1, n), then Hamiltonian chaos occur. A simple
drawing suggests that this situation occurs when the sum of half-widths is larger than the distance
between resonant surfaces, i.e. if δI,m,n + δI,m±1,n < d. Two essential properties characterise a
state of developed Hamiltonian chaos:
— the distance between two field lines initially close to each other, say at a distance r0, diverges
exponentially with the field line length `, i.e. δr = r0 exp (`/LK), where LK is a Lyapunov ex-
ponent. This length coincides with L‖c up to small corrections that will not be discussed here.
— the system becomes ergodic, that is a field line gets as close as wished to any point of the
chaotic region. This means loss of confinement.
The Figures 4.3 right and left illustrate these two different cases : d < δI,mn and d > δI,mn.
Figure 4.3 – Representation of the magnetic islands. Solid lines represent the resonant surfaces
(m,n) separated by a distance d = 1/nq′(r0). The typical half-width is noted δI . Right: the
half-width δI is much smaller than the distance d, the particles stay on magnetic islands. Left:
Adjacent magnetic islands interact leading hamiltonian chaos.
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Assuming that the spectrum of fluctuations varies slowly with m, which allows defining a typical
island half-width δI , it is convenient to compute a Chirikov parameter S defined as
S =
2δI
d
Chirkikov conjectured that the threshold of stochasticity is reached for S ∼ 1 [68]. An abundant
literature has shown that this is indeed the case (see overview [69]). It is then reasonable to expect
that MTM turbulence produces a significant electron heat transport due to field line stochasticity
when this criterion is satisfied.
4.1.4 Quasi-linear diffusion of field lines
Starting from the equations of motion Eq.(4.5), a quasi-linear calculation shows that the particle
diffusion coefficient is [70]
DM = pi ∑
mnω
∣∣∣∣ kθ A˜mnωBeq
∣∣∣∣2 δ(k‖v‖ −ω)v2‖
In the limit k‖v‖  ω, this gives a diffusion of the expected form DM = ∆s
∣∣∣v‖∣∣∣, where ∆s is the
diffusion coefficient of field lines
∆s = piqR0 ∑
mnω
∣∣∣∣ kθ A˜mnωBeq
∣∣∣∣2 δ (nq(r) +m) (4.8)
The length ∆s is entirely determined by the spectrum of fluctuations and known geometric lengths.
Hence it can be considered as known for a given spectrum. A key question is to determine the
conditions under which this quasi-linear estimate is correct. This boils down to the comparison of
the decorrelation time τc with the time τeddy needed for a particle to explore a turbulent structure.
Since the radial velocity is b˜r
∣∣∣v‖∣∣∣, the time needed to cross a structure size λ⊥ is
τeddy =
λ⊥
b˜r
∣∣∣v‖∣∣∣
It is customary to define the Kubo number as [71]
Ku =
τc
τeddy
= τc
b˜r
∣∣∣v‖∣∣∣
λ⊥
(4.9)
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Several analytical and numerical analysis have shown in the past that the quasi-linear theory holds
whenever the Kubo number is smaller than 1, Ku ≤ 1 [72, 73, 74]. It remains then to determine the
relevant decorrelation time τc for the special case of particles moving along stochastic field lines.
This is a delicate issue, since several mechanisms may lead to decorrelation, namely
— magnetic fluctuations have a finite life time τac, which can be evaluated from the auto-correlation
function in time of A˜‖(x, t) at a given position x = (r, θ, ϕ). It is sometimes called Eulerian
correlation time. The auto-correlation time is also given by the inverse of the width ∆ω of the
frequency spectrum of fluctuations.
— decorrelation due to finite correlation length along the field lines. In this case the decorre-
lation time is a transit time along the field lines τc = L‖c/
∣∣∣v‖∣∣∣. This one can be seen as a
parallel Lagrangian correlation time.
— a small scale turbulence can provide a decorrelation process. If a turbulence background
acts on particles as a diffusion across the magnetic field, this introduces a resonance de-
tuning effect of width γD = Dbgk2⊥, where Dbg is the diffusion coefficient associated with the
background turbulence, and k⊥ is the perpendicular wave number, i.e. k2⊥ = (m/r)
2 + k2r .
For a typical size λ⊥ of magnetic structures, the decorrelation time is therefore τc ∼ λ2⊥/Dbg.
In presence of fluctuations of the electric potential, scattering due to E× B drift velocity fluc-
tuations may play this role. Using a mixing length estimate γD ∼ γk, where γk is the linear
growth rate at wave number k, leads to the conventional expression of quasilinear theory.
One important issue is the value of λ⊥ - this is a rather loosely defined quantity so far. Lin-
ear MTM modes exhibit 2 radial scales: the radial width of a current sheet δJ , and the decay
length a micro-mode 1/kθ, which is larger. Depending on the problem that is addressed, one
or the other may be the relevant quantity. In non linear regime, other lengths may enter, like
the island width defined above, and usually ranges in between δJ and 1/kθ.
— collisions can provide a decorrelation process.
It may be anticipated that the second process, parallel Lagrangian decorrelation along the field
lines, is the quickest for electrons that move fast along the field lines, though the third one may
actually become competitive for strong perpendicular turbulent diffusion. The auto-correlation time
can be expected to be ignorable since the MTM frequency is much smaller than a transit frequency
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except within narrow current sheets. Collisions can usually be neglected in hot plasmas, but are
expected to play an increasing role in the plasma pedestal where the temperature decreases ra-
dially outward. This hierarchy is somewhat supported by a detailed analysis undertaken for ETG
modes [75]. In the case where parallel Lagrangian decorrelation dominates, the Kubo number is
Ku =
L‖c
λ⊥ b˜r. This heuristic discussion can be put on firm theoretical grounds using advanced tools
of statistical physics [76].
The diffusion length Eq.(4.8) may appear somewhat singular, because of the Kronecker delta
functions δ (nq(r) +m). The final result however is in fact regular for a dense spectrum of fluctu-
ations - the sum over poloidal wave numbers m can then be replaced by an integral
∫
dm. The
value of ∆s then coincides with the one given by Rechester-Rosenbluth Eq.(4.4), with L‖c = piqR0
and
b˜r =
(
∑
mnω
∣∣∣∣ kθ A˜mnωBeq
∣∣∣∣2
)1/2
(4.10)
the r.m.s. value of the radial projection of the perturbed magnetic field. It is nevertheless useful
to account for the finite parallel correlation length by introducing a resonance broadening term by
replacing k‖v‖ by k‖v‖ + i∆k‖
∣∣∣v‖∣∣∣. The diffusion coefficient of field lines is then
∆s = ∑
mnω
∣∣∣∣ kθ A˜mnωBeq
∣∣∣∣2 ∆k‖k2‖ + ∆k2‖ (4.11)
In the limit ∆k‖ → 0, the Lorentzian function gets close to a Kronecker delta function
1
pi
∆k‖
k2‖ + ∆k
2
‖
→ δ(k‖)
and Eq.(4.8) is recovered.
4.1.5 Strong magnetic turbulence
When magnetic turbulence gets strong, the decorrelation time is determined by magnetic dif-
fusion itself. This can be understood as follows. Since the field line diffuses radially, the equation
Eq.(4.7) combined with
〈
δx2
〉
= 2∆s` imposes that
〈
δξ2
〉 ∼ k2θ
L2s
∆2s `3. Decorrelation is reached
when
〈
δξ2
〉 ∼ 1, which gives
L‖c =
Ls
kθδD
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and
δD =
(
∆sLs
kθ
)1/3
This argument was initially developed by Dupree [77]. The Kubo number is close to one in
this case. Let us note that ∆s can be seen as the result of random walk with a radial step
δD = (∆sLs/kθ)1/3 and a correlation length L‖c ∼ LskθδD . Hence a “renormalised” expression of the
diffusion of field lines is Eq.(4.11) where ∆k‖ =
|kθ |
Ls δD = 1/L‖c. The terminology “renormalised”
comes from the fact that δD depends on ∆s itself. Hence Eq.(4.11) is in fact an implicit equation
for ∆s. As a final note, let us remark that at small scales, the behaviour of the particle distribution
function differs from the one of field lines. The Lyapunov exponentiation alone leads to singularities
in the distribution function at small scales. These are regularised by diffusive processes, which
can be due to collisions, small scale turbulence, or numerical dissipation. Hence it is better to see
this regime a an amplification of small scale decorrelation processes by field line exponentiation.
The final result does not depend on the detail of small scale regularisation processes.
4.2 Quasi-linear fluxes for an electromagnetic turbulence
4.2.1 Relationship between quasilinear fluxes with the field functional
The particle and heat fluxes across a magnetic surface due to electromagnetic fluctuations and
for a given species of charge number Z read
ΓN = 〈v.∇r f 〉 (4.12)
ΓT = 〈v.∇r
(1
2
mv2 − 3
2
Teq
)
f 〉 (4.13)
where the velocity is defined as:
v = v‖e‖ + vχ (4.14)
and with:
vχ =
Beq
B2eq
×∇J
(
φ− v‖A‖
)
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Replacing the expression of the velocity 4.14 in 4.12 and 4.13, the particle and heat fluxes can be
finally written as:
 ΓN
ΓT
 (r, t) = ∫ T
0
dt
T
∫ dθdϕ
4pi2
∫
d3v (vχ ·∇r) f (x, v, t)
 1
mv2
2 − 32Teq

The time T is chosen larger than a turbulence correlation time, and smaller than the time scale
of profile evolution (confinement time). These fluxes can be written in ballooning representation
as  ΓN
ΓT
 =∑
nω
∫ dη
2pi
∫
d3v
ikθ
ZeBeq
(
J hˆnω
)∗
fˆnω
 1
mv2
2 − 32Teq

where kθ =
nq
r is the poloidal wave number, and hˆnω = Ze
(
φˆnω − v‖ Aˆ‖nω
)
the perturbed Hamil-
tonian Fourier component. The notations are those of chapter 3.
4.2.2 Reformulation of the fluxes
The perturbed distribution function is recast as
fˆnω = −FM ZeTeq hˆnω + FM
Ze
Teq
ω−ω∗
ω
J φˆnω + gˆnω (4.15)
The distribution function gˆnω is solution (see Eq.(3.19) in chapter 3)
(
ω− k‖v‖ −ωd
)
gˆnω − iC(gˆnω) = e FMTeq (ω−ω
∗)J
(ωd
ω
φˆnω − v‖Eˆ‖nω
)
(4.16)
where Eˆ‖nω = Aˆ‖nω −
k‖
ω φˆnω. The expression of the fluxes can then be reshaped in a more
convenient form with the following sequence of steps. The first term in the r.h.s. of Eq.(4.15) does
not contribute to the flux since ∑nω ikθ hˆnω hˆ∗nω = 0. The contribution of the second term to the
particle flux is proportional to
∑
nω
∫ dη
2pi
∫
d3vFMikθJ
(
φ∗nω − v‖A∗‖nω
) ω−ω∗
ω
J φˆnω
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which vanishes as well for reasons of symmetry and parity in v‖. Hence only the distribution gˆnω
contributes to the flux, i.e.
 ΓN
ΓT
 =∑
nω
∫ dη
2pi
∫
d3v
ikθ
ZeBeq
J hˆ∗nω gˆnω
 1
mv2
2 − 32Teq

The calculation can the be pursued by rewriting the perturbed Hamiltonian using the relationship
φˆnω − v‖ Aˆ‖nω =
ω− k‖v‖ −ωd
ω
φˆnω +
ωd
ω
φˆnω − v‖Eˆ‖nω (4.17)
The first term in the r.h.s. of Eq.(4.17) can be written as dt
∫ t dt′φˆnω, where dt is the Lagrangian
derivative along unperturbed trajectories. Because of Eq.(4.16), it does not contribute to the flux,
up to a small collisional term. More precisely, its contribution to the flux in the weakly collisonal
case is proportional to
∑
nω
∫ dη
2pi
∫
d3vFMikθ
ω−ω∗
ω
J
(ωd
ω
φˆnω − v‖Eˆ‖nω
)
J φˆ∗nω
which vanishes for reasons given above. So the final expression of the fluxes is
 ΓN
ΓT
 =∑
nω
∫ dη
2pi
∫
d3v
ikθ
Beq
J
(ωd
ω
φˆnω − v‖Eˆ‖nω
)∗
gˆnω
 1
mv2
2 − 32Teq

4.2.3 Link with the field functional
Let us now remind the expression of the particle-field interaction functional for a given wave
number and pulsation
Lres,nω = −Ze
∫ ∫ dη
2pi
∫
d3vJ
(ωd
ω
φˆnω − v‖Eˆ‖nω
)∗
gˆnω
A simple relationship can be derived that links the particle flux and the functional
ΓN =∑
nω
kθ
ZeBeq
= (Lres,nω)
A similar expression can be produced for the heat flux
ΓT =∑
nω
kθ
ZeBeq
= (L′res,nω)
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where
L′res,nω = −Ze
∫ ∫ dη
2pi
∫
d3vgˆnω
(
mv2
2
− 3
2
Teq
)
J
(ωd
ω
φˆnω − v‖Eˆ‖nω
)∗
Hence the fluxes can be calculated by using the functionals derived in chapter 3 to study the linear
stability of MTMs.
4.3 Limit cases and comparison with previous results
4.3.1 Slab geometry
It is useful to start with the simplest case possible: slab geometry, no collisions, no curvature
and constant A‖ approximation. In this case, it is more efficient to work in the physical space,
instead of the ballooning space. Using the Fourier expansion Eq.(4.1) of the perturbed vector
potential, the particle flux reads
ΓN = ∑
nmω
∣∣∣∣ kθ A˜mnω(0)Beq
∣∣∣∣2 ∫ d3vFMv2‖=
{
1
ω− k‖v‖ + i0+
}
[
1
Neq
dNeq
dr
+
1
Teq
dTeq
dr
(
mv2
2Teq
− 3
2
)
− ZeBeq
Teq
ω
kθ
]
The heat flux ΓT is given by a similar formula with an extra mv
2
2 − 32Teq in the velocity integrand.
In conventional quasilinear theory, the broadening of the resonant term 1/(ω− k‖v‖) comes from
the imaginary part of the pulsation. Alternatively, ω can be replaced by ω + iγD, where γD is a
resonance broadening term that may have different origins, in particular diffusive decorrelation due
to turbulent E× B drift scattering. Since we address a pure magnetic situation φ˜ = 0, this term
can be discarded. The linear growth rate provides a rather weak decorrelation process compared
to diffusion due to stochastic field lines since k‖v‖  ω, except in the current sheet layers. The
main decorrelation effect comes from the finite parallel correlation length. It was shown in the
previous section that it can be represented by a resonant broadening term of the form ∆k‖
∣∣∣v‖∣∣∣,
where ∆k‖ > 0 is of the order of the inverse of a parallel correlation length L‖c, itself of the order
of an exponentiation length of field lines (Lyapunov exponent). Using
∫
d3vFM... = Neq
1√
pi
∫ +∞
−∞
dv‖
vT
e
−
v2‖
v2T
∫ +∞
0
2v⊥dv⊥
v2T
e
− v
2⊥
v2T ...
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where vT = (2Teq/m)1/2 and after integration over the velocity space, the particle flux takes a
simple form
ΓN = −
Neq√
pi
∑
mnω
∣∣∣∣ kθ A˜mnω(0)Beq
∣∣∣∣2 ∆k‖vTk2‖ + ∆k2‖
[
1
Neq
dNeq
dr
+
1
2
1
Teq
dTeq
dr
− ZeBeq
Teq
ω
kθ
]
Electrons move faster than ions along the field lines (square root of the mass ratio), so that the
electron flux is dominant, as expected. No charge separation is allowed, which implies that the
electron flux (Z = −1) must cancel. This is actually the case if the pulsation satisfies the relation
ω = − kθTeq
eBeq
[
1
Neq
dNeq
dr
+
1
2
1
Teq
dTeq
dr
]
for each (m, n) mode, or equivalently ω = ω∗ne + 12ω∗Te. This is the dispersion relation of colli-
sionless MTMs. Thus if the MTM linear dispersion relation is fulfilled, the quasilinear electron flux
cancels, as it should. The electron heat is then calculated using the dispersion relation above.
This procedure yields a Fourier Law ΓT = −NeqχM dTeqdr , where the heat diffusivity is given by
χM =
2√
pi
∑
mnω
∣∣∣∣ kθ A˜mnω(0)Beq
∣∣∣∣2 ∆k‖vTk2‖ + ∆k2‖
This expression is in line with Eq.(4.11). For each wave numbers (m, n) and pulsation ω, the
quantity kθ A˜mnω(0)Beq is in fact the radial projection of the perturbed magnetic field B˜r,mnω. Hence the
heat diffusivity scales as
χM ∼ b˜2r L‖cvT (4.18)
where b˜r is given by Eq.(4.10). Hence Eq.(4.18) agreeswith the collisionless Rechester-Rosenbluth
expression Eq.(4.3) [66]. The collisionless, no curvature and pure magnetic case is of course
somewhat academic, since it has been shown to be linearly stable. However it allows verifying
the methodology. It is now extended to the more interesting case with curvature and collisionality,
including the perturbed electric potential.
4.3.2 Case with curvature and collisions
The general expression Eq.(3.29) is too complex to derive tractable results. Attention is there-
fore focused on the case where an effective magnetic drift can be defined. In this case, particle
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and heat fluxes can be written as ΓN
ΓT
 = ∑
nmω
∣∣∣∣ kθBeqJ
(
A˜mnω −
k‖
ω
φ˜mnω
)∣∣∣∣2
∫
d3vFM
v2
3
 1
mv2
2 − 32Teq
= [ 1D
]
[
1
Neq
dNeq
dr
+
1
Teq
dTeq
dr
(
mv2
2Teq
− 3
2
)
− ZeBeq
Teq
ω
kθ
]
(4.19)
where
D = ω−ωd + iν−
k2‖v
2
3 (ω−ωd)
is the resonant denominator and
∫
d3vFM... = Neq
4√
pi
∫ +∞
0
v2dv
v3T
e
− v2
v2T ...
is the integrand in the velocity space. As for the collisionless case, the parallel wave number can
be modified as k‖v‖ → k‖v‖ + i∆k‖
∣∣∣v‖∣∣∣ to account for magnetic stochasticity. Collisions also offer
another route towards resonance broadening. And since fluctuations of the electric potential are
now accounted for, a third decorrelation process is provided by E × B drift scattering, that can
be modelled by a frequency broadening ω → ω+ iγD. As before, the electron particle flux is the
dominant contribution in the total particle flux. Ambipolarity imposes that the electron flux vanishes,
which is the case as soon as the linear dispersion relation is fulfilled. The semi-collisional case is
of some interest. In this case the heat diffusion coefficient scales as
χM ∼ b˜2r
v2T
ν
(4.20)
where L‖c ∼ vT√ων , and ω is a typical frequency (e.g. diamagnetic frequency for the most unstable
wave number). If some frequency broadening occurs because of perpendicular diffusion, then ω
should be replaced by γD ∼ χ⊥/λ2⊥, where χ⊥ is the perpendicular diffusion, and λ⊥ is a typical
transverse scale of the distribution function. The thermal diffusivity becomes
χM ∼ b˜2r
L‖c
λ⊥
(
χ‖χ⊥
)1/2
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which agrees with the expression given by Kadomtsev and Pogutse in the collisional regime [78].
According to Eq.(4.19), fluxes are proportional to the fluctuations of the parallel electric field.
Hence, fluxes get smaller if the parallel gradient of the electric potential “screens” the inductive field,
i.e. k‖φ˜mnω ∼ ωA˜‖,mnω. This occurs in ideal MHD, since the Ohm’s law then enforces a vanishing
parallel electric field. On the other hand, it was seen that the perturbed electric field destabilises
MTMs. This suggest that the imaginary part of the resonant functional increases when the electric
potential is switched on. Hence it is likely that the quasi-linear flux also increases. The tight link
between the quasilinear fluxes and the functional calls for some additional comments.
4.3.3 Saturation level of microtearing modes
Current sheets
The resonance broadening effect suggest a closer look to the stability in non linear regime. To
get a fully consistent theory, the tight link between the particle flux and the functional suggests that
the linear collisionless conductivity
σ = −Neqe
2
Teq
∫
d3vFMv2‖
ω−ω∗
ω− k‖v‖ + i0+
or collisional conductivity
σ = −Neqe
2
Teq
∫
d3vFM
v2
3
ω−ω∗
ω−ωd + iν−
k2‖v
2
3(ω−ωd)
should remain the same but with a broadened parallel wave number k‖ → k‖ + ∆k‖, where ∆k‖
depends on the velocity (in the simplest case on the sign of the parallel velocity). Loosely speak-
ing, this is equivalent to adding an effective collision frequency, which comes from the quasilinear
scattering of particles that depends on their velocity. It was shown in the collisionless case that
this broadening effect can lead to a metastable MTM turbulence [79], i.e. a situation that is linearly
stable, but non linearly self-sustained state due to this broadening. It is not clear yet whether a
similar effect exists in the collisional case.
Another interesting limit is the case where a turbulent background produces a strong diffusion.
This raises the question of the value of λ⊥. As mentioned, this length can be the typical radial
decay width of a vector potential ∼ 1/kθ, the width of a current sheet δJ , or an non linear scale.
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If the turbulent background acts through a resistivity or hyper-resistivity (electron viscosity), the
relevant linear scale is rather the current sheet width δJ  1/kθ. In this case γD can become quite
large, and strongly decrease the current sheets that drive MTMs. This is a stabilising effect. An
example of this situation was given in reference [80], where MTMs were found to be overcome by
ETG. One way to elucidate this point is to plot the numerical conductivity and compare it with the
linear case.
Mixing-length estimate
A related question is the level of saturation of microtearing modes. It was predicted by Drake
and co-workers [81] that the mixing-length level of saturation for collisional MTMs should be of the
order
b˜r ∼ ρeLTe (4.21)
where ρe is the electron gyroradius and LTe is the electron temperature gradient length. Implement-
ing this estimate in the collision Rechester-Rosenbluth expression of the diffusivity in Eq.(4.20)
yields the expression [81]
χM ∼ ρ
2
e
L2Te
v2T
ν
(4.22)
In practice, this gives values of the electron thermal diffusivities that are lower than measure-
ments. However previous numerical simulations have found that the turbulent diffusion coefficient
is usually larger than Eq.(4.22) [67, 82, 30], though the scaling Eq.(4.21) seems to agree well with
numerical estimates [67].
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4.4 Microtearing turbulence
This section aims at comparing the analytical predictions with numerical simulations of mi-
crotearing turbulence. One important prediction is that the electron heat flux should be much
larger than the particle and the ion heat fluxes. Also it was seen that the quasi-linear diffusion co-
efficient scales as the square of the level of magnetic fluctuations (see Eq.4.3). Since the electron
thermal diffusivity should be close to the quasilinear coefficient based on field line diffusion times a
thermal velocity, it is expected that numerically computed diffusivities should obey the same scal-
ing. It was seen that the MTM linear growth rates increase when the effects of the magnetic drift
and perturbed electric potential are accounted for. A simple argument based on a mixing-length
argument then implies that the level of fluctuations, and the electron heat flux, should get smaller
when switching-off curvature and electric potential in non linear MTM simulations. Finally it has
been mentioned that the conductivity σ plays an important role in the stability : positive (respec-
tively negative) values are destabilizing (resp. stabilizing). It is therefore interesting to compute the
non linear radial profile of σ near a resonant surface, to identify a potential non linear saturation
mechanism based on a modification of the relative weights of positive and negative values of the
conductivity.
For these gyrokinetic simulations the Miller geometry is used and the same set of parameters
as the previous linear study is used (see Table4.1). The Miller geometry is a compromise between
a circular geometry and an experimental equilibrium. All details can be found in [62].
Table 4.1 – Physical parameters used for nonlinear gyrokinetic simulations.
e s β(%) R/LTe R/LTi R/Lne q νei Te/Ti
0.22 1.1 1.55 8.0 0.0 0.0 1.3 0.02 1
In these gyrokinetic simulations the electric potential and the magnetic drift are accounted for the
electron temperature. It is important to note that the ion temperature gradient (see Tab.4.1) is zero
to avoid a multi-mode drive. Fig. 4.4 represents the linear growth rate of microtearing modes as
the function of kθρi using the set of parameters presented in the Tab. 4.1.
Aix-Marseille Univ. / CEA Cadarache December 19, 2019 Hamed
108 4. Nonlinear gyrokinetic simulations of microtearing turbulence
0 0.5 1
k  i
0
0.1
0.2
0.3
 
(v
th
i/R
)
Figure 4.4 – Representation of the linear growth rate of microtearing as a function of
normalized poloidal wave number, kθρi.
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Figure 4.5 – (a) and (b): Real part of perturbed vector potential and electric potential along the
magnetic field line at kθρi = 0.3 and νGKWei = 0.02.
For each point on Fig. 4.4 the eigenfunction of the modes has been inspected. It appears that
microtearing modes are the most unstable modes for kθρi ranging from 0.04 to 1.2. The Fig.4.5-
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a and Fig.4.5-b represent the perturbed vector potential and electric potential along the magnetic
field line, respectively.
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Figure 4.6 – (a): Real part of perturbed vector potential along the magnetic field line. (b): the
kinetic conductivity σ in real space at kθρi = 0.3 and νGKWei = 0.02.
Fig.4.6-a and Fig.4.6-b represent the vector potential and the kinetic conductivity in real space
at kθρi = 0.3 and νGKWei = 0.02. The x coordinate is defined as the distance from the resonant
flux surface normalised to the thermal ion Larmor radius: x = (r − r0)/ρi. The kinetic conduc-
tivity is defined as the ratio of the perturbed parallel current with the perturbed electric potential,
σ(x) = J˜‖/A˜‖. Fig.4.6 shows that the kinetic conductivity σ is very localised around the resonant
surface. As described above when σ is positive MTMs are destabilized and negative when MTMs
are stabilized.
Based on this linear microtearing spectra, a grid size for nonlinear gyrokinetic simulations has
been chosen and is presented in Tab. 4.2.
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Table 4.2 – Revelant input parameters used for the theoretical calculations.
Nµ Nv‖ Ns Nx
16 30 40 679
In Table 4.2, Ns is the number of points per poloidal turns, Nµ is the number of magnetic mo-
ment grid points, Nv‖ is the number of parallel velocity grid points and Nx is the number of modes
in the radial direction. Using the set of parameters presented in Table 4.1 and the numerical reso-
lution Table 4.2 a set of nonlinear gyrokinetic simulations have been done using the GKW code at
νGKWei = 0.02. The radial wave number (krρi) ranges from [−10, 10] and kθρi ranges from 0.04 to 1.2 .
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Figure 4.7 – The time evolution of the E× B and magnetic flutter components of the heat fluxes.
(a), (b), (c) and (d) represent the time evolution of the electrostatic and electromagnetic ion
(electron) fluxes for two electron tempreature gradient values, blue: R/LTe = 8.0 and red:
R/LTe = 6.0.
Fig.4.7 shows the time evolution of the E × B and magnetic flutter components of the ion
(Fig.4.7-a and Fig.4.7-b) and electron (Fig.4.7-c and Fig.4.7-d) heat fluxes for two electron tem-
preature gradient values, blue: R/LTe = 8.0 and red: R/LTe = 6.0. Fig.4.7-(d) shows seen that
the transport is almost entirely electromagnetic. The magnetic flutter components of the electron
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heat flux decreases with electron temperature gradient. Fig.4.8-a and Fig.4.8-b show the A‖ and
φ spectra.
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Figure 4.8 – (a) and (b) represent the A‖ and φ spectra.
Then, the objective is to know how the magnetic fluctuation level (Eq.4.2) is linked to the asso-
ciated transport. The electron heat diffusivity χeme can be expressed in terms of the electron heat
flux Qeme due to the magnetic flutter which is given by:
Qeme = −neχeme ∇Te. (4.23)
Indeed,
χeme =
RQeme
neTeR/LTe
(4.24)
= Rρ2∗vthi
QGKW
R/LTe
(4.25)
where QGKW is the magnetic flutter component of the heat flux normalised with GKW conven-
tions. Fig. 4.9 represents the electron heat diffusivity (χe(Rvthiρ2∗)) as a function of the mag-
netic fluctuation level (b˜r/ρ∗)2 for three values of the electron temperature gradient (R/LTe = 4.0,
R/LTe = 6.0 and R/LTe = 8.0). Effectively the magnetic field fluctuation amplitude increases with
R/LTe and the heat diffusivity is proportional to b2r .
Aix-Marseille Univ. / CEA Cadarache December 19, 2019 Hamed
112 4. Nonlinear gyrokinetic simulations of microtearing turbulence
4 6 8
0
0.2
0.4
0.6
e
/R
re
f
*2
v
th
i
0 1 2 3
10 -3
0
0.1
0.2
0.3
0.4
e
/R
re
f
*2
v
th
i(a) (b)
Figure 4.9 – The electron heat diffusivity (χe(Rvthiρ2∗)) as function of the electron temperature
grandient (R/LTe ) (a) and as function of the magnetic field fluctuation level (b˜r/ρ∗)2 for three
values of the electron temperature gradient (R/LTe = 4.0, R/LTe = 6.0 and R/LTe = 8.0)(b).
Then, the quasi-linear diffusivity coefficient:
DM = b˜2r L‖vth = piqRb˜2r (4.26)
is compared with the heat diffusivity computed from GKW outputs. Fig.4.10 represents the quasi-
linear electron heat diffusivity (Eq.4.26) as a function of the level of magnetic fluctuations (b˜r/ρ∗)2
for three values of the electron temperature gradient (R/LTe = 4.0, R/LTe = 6.0 and R/LTe = 8.0).
It appears that the diffusivity calculated by GKW is well described by the Rechester-Rosenbluth
quasi-linear diffusivity coefficient.
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Figure 4.10 – The quasi-linear electron heat diffusivity (DM = piqRb˜2r ) as function of the electron
diffusivity (b˜r/ρ∗)2 for three values of the electron temperature gradient (R/LTe = 4.0,
R/LTe = 6.0 and R/LTe = 8.0)
Fig.4.11 shows the radial profiles of the vector potential (a) and the conductivity (b) for kx = 0.0
and ky = 0.12. The vector potential structure is even and the keeps a shape similar to the one
found in the linear stability analysis. The conductivity is positive, consistently whi a microtearing
mode that is fed by free energy available in the current layer. It must be noted however that the
negative tail of the conductivity far away from the resonant surface has been eroded. A positive
conductivity is consistent with a nonlinear state where a negative ∆′ = 2|kθ | is balanced by the
current sheet response for the most unstable mode:
2|kθ | = µ0
∫ +∞
−∞
dxσ(x) (4.27)
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Figure 4.11 – (a) represents the amplitude of perturbed vector potential and (b) of the nonlinear
kinetic conductivity σ in real space for one mode at kx = 0.0 and ky = 0.12. Dashed lines
indicate resonant surfaces.
Then the role played by the perturbed electric potential is investigated. For the same set of pa-
rameters presented in the Tab.4.1, the electric potential is switched -off in the nonlinear gyrokinetic
simulations.
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Figure 4.12 – Time evolution of the magnetic flutter components of the heat fluxes without (a)
and with (b) considering the perturbed electric potential in GKW simulations, respectively.
Fig.4.12-a and Fig.4.12-b present the time evolution of the magnetic flutter components of the
ion and electron heat fluxes without and with considering the perturbed electric potential, respec-
tively. It appears that the electron heat flux increases considerably when the electric potential is
switched -off. The converse was expected on the basis of linear stability analysis. The perturbed
electric potential plays an important regulating role in the microtearing turbulence. It is important
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to note that the nonlinear simulation without the electric potential has not totally converged, this
work is in progress.
4.5 Conclusion
In summary, nonlinear simulations of microtearing driven turbulence confirm that the electron
heat flux prevails over particle and ion fluxes. This result is in line with a situation where the trans-
port is controlled by the stochastic magnetic field lines. Moreover, the electron heat diffusivity
increases with the square of the level of magnetic fluctuations, as predicted by the quasilinear
Rechester-Rosenbluth expression.
Then the effect of the electric potential is investigated. The electron heat flux increases when
the electric potential is switched -off, whereas the converse was expected on the basis of linear
stability analysis. This suggest that electric potential fluctuations play a regulating role in a mi-
crotearing turbulence.
Finally the conductivity of the most unstable mode near its associated resonant surface is
positive. This behavior is consistent with a situation where negative ∆′ is balanced by positive
conductivity.
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Stability of JET pedestal plasmas
To achieve fusion reactions, the next tokamaks generation rely on reaching the so-called "H-
mode confinement regime" where, thanks to the formation of an edge transport barrier, the tem-
perature and in the pressure plasma core increase compared to a low confinement regime (Fig.
1.8). The H-mode confinement regime is established when in a narrow and insulating region called
"pedestal", just inside the last closed surface, steep electrons (and ions) temperature, density and
pression gradients are formed. Various instabilities may appear in the pedestal region and limit the
tokamak performances. As a consequence, the understanding and the evaluation of the physical
mechanisms that govern the pedestal height and width is very important for the optimization of
future fusion devices, like ITER.
Up to now, prediction of the pedestal height and width is given by the EPEDmodel as described
in the chapter 2. This model is based on the onset of two MHD instabilities, the peeling ballooning
modes and the kinetic ballooning modes. It has been tested in many experiments and a good
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agreement between EPED model and measurements was found. However, due to the various
possible instabilities and disparity of scales, the full pedestal characterization (in terms of width
and height) is still an open issue. In particular, small-scale instabilities, like microtearing modes,
are not taken into account in the EPED model although recent gyrokinetic simulations have found
unstable MTMs in the JET-ILW pedestal region [33, 34].
On the basis of previous gyrokinetic works [33, 34] and using experimental data from JET-ILW
shot 82585 as GKW input parameters, the aim of this chapter is to investigate the MTMs stability
in the JET-ILW pedestal region. More precisely, this work has been done in collaboration with
different scientific groups : the CCFE Culham group in UK using the GS2 code, the IFS group in
Texas using the GENE code [27, 83] and, our group in Marseille using the GKW code [61]. This
activity was coordinated by the JET team under the Eurofusion workpackage WPJET1.
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5.1 Input parameters for local gyrokinetic simulations of the JET-
ILW 82585 discharge
The European tokamak, JET, based at Culham, UK, has achieved a significant production of
controlled fusion power, almost 2 MW, for a D-T reaction. It is the largest running tokamak in the
world : the major radius is R0 = 2.96m and the toroidal field is Bφ = 4T . It is also the closest in
geometry to the future fusion facility ITER. Table 5.1 shows the JET-ILW tokamakmain parameters.
Table 5.1 – Characteristics of the European tokamak JET.
Major
radius
(R0[m])
Minor
radius
(a[m])
Inverse
aspect
ratio (e)
Toroidal
field
(Bφ[T])
Plasma
current
(Ip[MA])
Heating
power
(Pin[MW])
3.0 1.0 0.307 4.0 5.0 37.0
In order to investigate the JET-ILW pedestal stability with local gyrokinetic simulations 1, the
experimental data from 82585 shot have been used to derive the simulations input parameters.
More precisely, one can generate from experimental data, the experimental magnetic equilibrium
and the experimental profiles (e.g. temperature, density) required to evaluate the simulation input
parameters corresponding to the 82585 discharge.
Magnetic equilibrium reconstruction from experimental data
Based on magnetic measurements the EFIT (Equilibrium FITing) code [84] reconstructs the
magnetic equilibrium. More precisely, EFIT determines the poloidal magnetic flux as a function
of (R,Z), the equilibrium plasma current profile and the total pressure profile by solving that are
solution of the Grad-Shafranov equation and consistent with the magnetic measurements. As for
many inverse problems, a single solution does not always exist. As a consequence the mag-
netic equilibrium reconstruction is very sensitive to input data and regularization scheme and the
method employed is crucial. For a same discharge, various magnetic equilibria can be calculated
with slight differences.
Here, from the EFIT results for the 82585 discharge, the CHEASE code [85] has been used
to generate the GKW input parameters. The CHEASE code interpolate the data provided by the
EFIT code and evaluates local (i. e. at a given radial position) quantities related to the magnetic
1. Local simulations means using the flux-tube approach.
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equilibrium which are required as GKW input parameters. Table 5.2 presents the input parameters
related to the magnetic equilibrium (i. e. q and s ) at the middle of the pedestal e = 0.307, , where
e is local inverse aspect ratio, obtained for the 82585 discharge. On Fig.5.1, a representation
of the last closed magnetic surface is given in a (R Z) poloidal plan for the 82585 discharge.
One can note that the magnetic equilibrium is up-down symmetric which, of course, does not
exactly corresponds to the actual equilibrium. Up-down asymmetry was artificially imposed when
reconstructing the magnetic equilibrium used for the modelling activities coordinated by the JET
team. This choice is not necessary and could be relaxed in the future.
Experimental density and temperature profiles
The electron temperature and density profiles are obtained from variousmeasurements (Thom-
son scatterring, charge exchange recombinaison spectroscopy, interferometry etc...). On Fig.5.2-a
and Fig.5.2-b the electron temperature and density profiles provided by the JET team are given
for the 82585 discharge. In Table 5.2, the values of the normalised logarithmic gradients R/LTe ,
R/LTi , R/Lne and R/Lni can be found for the 82585 discharge at the radial position e = 0.307.
On can note that, although the profiles presented on Fig.5.2 are smooth, experimentally only
few points can be measured in the pedestal region. The profiles have been obtained thanks to
interpolations and as a consequence, the error bars are particularly important (in particular, in the
pedestal region). For a same discharge, a slight change (due to the error bars) in the profile slopes
can affect the pedestal stability, and, in particular, the MTM stability which depends sensitively on
the electron temperature gradient.
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Figure 5.1 – Representation of the last closed flux surface for the 82585 discharge.
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Figure 5.2 – 82585 discharge - (a) Electron temperature Te(keV), (b) the electron density
ne(10−19m−3), (c) the safety factor q and (d) the magnetic shear sˆ profiles as functions of e.
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.
e q s β(%) R/LTe R/LTi R/Lne R/Lni
0.307 4.029 2.69 0.00119 227 227 78.9 78.9
Table 5.2 – 82585 discharge - Relevant input parameters used for the linear simulations with
GKW.
5.2 Stability of the JET-ILW at the middle of the pedestal
5.2.1 Nature of the linear unstable modes
The objective is to determine at the mid-pedestal (e = 0.307) which kind of instabilities domi-
nates in the 82585 discharge. To do so, linear gyrokinetic simulations have been performed using
the input parameters given in Table 5.2 and the results are presented on Fig.5.3, which plots the
linear growth rate for each mode. For kθρi = [0.2, 10], it is clear that the 82585 discharge is un-
stable at e = 0.307. To determine the nature of each mode, their radial structure (eigenfunction)
and frequency have to be investigated. Following Hatch et al., the modes obtained in the linear gy-
rokinetic simulations are classified into three categories : MTM, KBM and electrostatic drift waves
(ESDW). Each of these categories can be identified thanks to the shape and the parity of the mode
eigenfunction in the radial direction 2 and to the mode frequency.
ESDW modes
The ESDW class includes the ITG, TEM and ETG modes. These modes are unstable in a
range of scales ranging from ion-scale (ITG) to electron scale (ETG). ITG modes (respectively
TEMs) rotate in the ion diamagnetic direction (respectively electron) direction. For these modes,
the radial profile of the perturbed vector potential A˜‖ (x) is odd and the one of the electric potential
φ (x) is even. Since these modes are electrostatic, the perturbed electric potential dominates over
the perturbed vector potential.
KBM modes
KBMs are localized on the outboard side of the torus and rotate in the ion diamagnetic direction.
The radial profile of the perturbed vector potential A˜‖ (x) is odd while the electric potential φ (x) is
even. KBM manifests themselves at low kθρi.
2. One can note that the ballooning transform properties are such as the radial (x direction) structure of one given
mode can be deduced from to its structure along the magnetic field line (s direction).
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MTM modes
As showed in previous chapters, MTMs are electromagnetic low kθρi modes which rotate in the
electron diamagnetic direction. Their radial eigenfunction is characterized by a parity opposite to
that of the "interchange" type instabilities ( ESDW and KBM). The radial profile of the vector po-
tential A˜‖ (x) is even and localized around a resonant surface while the electric potential structure
is odd and extended. One can note that tearing parity is required to form a magnetic island.
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Figure 5.3 – 82585 discharge - Growth rate of the different unstable modes at the mid-height of
the JET-ILW pedestal (e = 0.307) as function of kθρi.
The mode growth rate is shown as a function of the poloidal wavevector in Fig.5.3. For each
point of Fig.5.3, the eigenfunctions (for A˜‖ (x) and φ (x)) have been analysed. None of these
modes present KBM or MTM characteristics. In particular, Fig.5.4 presents the eigenfunction of
the vector and the electric potential along the magnetic field line for two different kθρi : kθρi = 0.3
and kθρi = 1.6. Fig.5.4 shows that the modes exhibit an "interchange type parity" and are electro-
static (φ˜ ∼ 1, A˜‖ ∼ 10−4). These properties are shared with the modes obtained at all the other
wavevector values. Hence, one can conclude that the unstable modes presented on Fig.5.3 are
ESDW modes.
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This result differs from the results found by Hatch et al. in [33] where MTMs were the dominant
modes in this region of the pedestal for the same reference shot. Before going further, it is very
important to check wether the linear simulations presented above are numerically converged.
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Figure 5.4 – Red curve: (a) the perturbed vector potential A˜‖ and (b) the electric potential φ˜
along the magnetic field line at kθρi = 0.3.
Blue curve: (c) the perturbed vector potential A˜‖ and (b) the electric potential φ˜ along the
magnetic field line at kθρi = 1.6.
5.2.2 Convergence tests
MTM requires high resolution
As shown in Chapter 2, MTM develops a thin current layer around the resonant surface. As a
consequence, to run accurate simulations with unstable MTM, the resolution should be adapted
to the current layer size. In other words, the numerical resolution should be high enough to well
describe the MTM current sheet. For all gyrokinetic simulations we used the numerical resolutions
presented in Table 5.3.
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Table 5.3 – Numerical resolutions used for the middle JET-ILW pedestal analysis.
Nµ Nv‖ Ns Npol
32 64 33 69
The number of points per poloidal turns Ns and the number of poloidal turns Npol (an equiva-
lently connected radial modes) have been adjusted to enable an accurate description of the mode.
Nµ is the number of magnetic moment grid points, Nv‖ is the number of parallel velocity grid points.
Fig.5.5 presents the outcome of these tests : the linear growth rate is presented for the most
unstable mode as function of the point per poloidal turns at kθρi = 1.6. For a number of points in
a poloidal turn larger than 33 points in a poloidal turn, resolution is acceptable and the numerical
results are robust. ESDW modes are the dominant modes.
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Figure 5.5 – The growth rate of the most unstable mode as function of the number of points per
poloidal turns (Ns = 11, Ns = 33 and Ns = 66).
Comparison with the GS2 code
Once the resolution has been checked, another possible cause of discrepancy with Hatch et
al. work (based on the GENE code) is a mishandling of the GKW code. Thus, a comparison with
Aix-Marseille Univ. / CEA Cadarache December 19, 2019 Hamed
5. Stability of JET pedestal plasmas 125
results obtained with the GS2 code has been done. The results of this comparison are presented
on Fig.5.6 : a good agreement is found between GS2 and GKW. Moreover, one can note that the
eigenfunctions are similar and no MTMs or KBM are found at the middle of the pedestal.
Figure 5.6 – Growth rate vs poloidal wave number computed with the GKW and GS2 codes.
Possible reasons for the difference with previous works [33]
Previous paragraphs show that the difference obtained with the Hatch et al. findings cannot
be explained by arguments related to numerical issues. The disagreement should have its origin
in the fact that the simulations performed with GKW and GS2 codes are based on the same mag-
netic equilibrium and kinetic profiles, whereas GENE simulations made use of different magnetic
equilibrium input file. More precisely, the magnetic equilibrium reconstruction from experimental
data is slightly different in the two cases.
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Figure 5.7 – 82585 discharge - (a) Electron temperature Te(keV), (b) the electron density
ne(10−19m−3), (c) the safety factor q and (d) the magnetic shear sˆ profiles as the function of e.
On Figs 5.7, the red profiles are used by the members of the working group of JET pedestal
modelling (T17-05 task force) and the blue profiles are used in Hatch et al. [33, 34]. The Fig.5.7-
a and Fig.5.7-b represent the electron temperature and density profiles (shot 82585) as function
of e. The Fig.5.7-c and Fig.5.7-c the safety factor (q) and the magnetic shear sˆ as function of e
(shot 82585). The Figs.5.7 show that the reconstruction of magnetic equilibrium is very sensitive
and various magnetic equlibria can be generated with slight differences for the same experimental
discharges. These differences completely change the stability of pedestal analysis. The main
difference is observed in the magnetic shear profile. The shear profile calculation is very sensitive
to the method employed for magnetic equilibrium reconstruction. Differents results than Hatch et
al. are expected due to the difference in the profiles. To conclude, linear simulations, with exactly
the same magnetic equilibrium as the one used by Hatch, should be run with GKW and GS2. This
work is in progress.
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5.2.3 Sensitivity to plasma parameters
As said and so far, ESDW modes are the most unstable modes obtained in GKW simulations.
It could be however that MTMs are slightly subdominant and that a change of plasma parameters
within error bars allows getting unstable MTMs. In particular, MTM stability is very sensitive to the
β parameter, the ballooning angle θ0 and the electron temperature gradient R/LTe . In the following,
we present the impact of these physical parameters on the linear stability at mid-pedestal for shot
82585.
Impact of the electron temperature gradient
As shown in Chapter 2, the electron temperature gradient is the main actor in the MTM desta-
bilization
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Figure 5.8 – Growth rate of the mode as the function of kθρi for three differents values of the
temperature gradient. Blue curve: reference case where R/LTe = 227, the black curve
R/LTe = 160 and the red curve R/LTe = 300 using the experimental discharge 82585
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Hence a R/LTe scan has been performed in order to investigate its impact on the JET-ILWmid-
dle pedestal stability. Fig.5.8 shows the mode growth rate as a function of kθρi for three different
values of the electron temperature gradient (R/LTe ). The blue curve is the reference curve where
R/LTe = 227. The black curve corresponds to R/LTe = 160, and the red curve to R/LTe = 300.
The electron temperature gradient has a strong impact on the linear growth rate. However, the
mode structure along the magnetic field line is not affected (see Fig.5.9) and the most unstable
modes remain ESDW.
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Figure 5.9 – (a) Perturbed vector potential A˜‖ and (b) electric potential φ˜ with R/LTe = 300 and
kθρi = 0.3. (c) Perturbed vector potential A˜‖ and (d) electric potential φ˜ with R/LTe = 227. (e)
Perturbed vector potential A˜‖ and (f) electric potential φ˜ with R/LTe = 160
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Impact of the β parameter
0 0.05 0.1
0
2
4
6
8
0 0.02 0.04
0
10
20
30
40
(a) (b)
Figure 5.10 – Growth rate of the most unstable mode as function of β for two different values of
kθρi. (a) kθρi = 0.3 and (b) kθρi = 1.6
The effect of β is investigated for two values of kθρi. The results are presented on Fig.5.10. For
kθρi = 0.3, the mode growth rate slightly increases with β. However, the radial structure remain
unchanged (see Fig.5.11). The mode is still an ESDWmode. For kθρi = 1.6, the mode growth rate
is even less affected by the variation of beta (see Fig.5.4). The nature of the mode is unchanged
: as presented on Fig.5.11, the mode continues to present ESDW characteristics.
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Figure 5.11 – (a) The vector potential and (b) electric potential along the magnetic field line for
kθρi = 0.3 and β = 0.0012. (c) The vector potential and (d) electric potential along the magnetic
field line for kθρi = 1.6 and β = 0.0012
Impact of the ballooning angle
Fig.5.12 represents the mode growth rate as a function of the ballooning angle at kθρi = 1.6 :
the mode growth rate remains approximatively constant for θ0 = [pi/6, pi/2] ( up to now, θ0 was
equal to 0). Fig.5.13 (a) and (b) represents the perturbed vector potential A˜‖ and the perturbed
electric potential φ˜, respectively, at kθρi = 1.6 and θ0 = pi/4 : the mode structure remains also
unchanged and unstable modes still exhibit the characteristics of an ESDW mode.
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Figure 5.12 – Growth rate as the function of the ballooning angle, θ0 = [pi/6 pi/4 pi/3 pi/2]
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Figure 5.13 – (a) The perturbed vector potential A˜‖ and (b) electric field φ˜ at kθρi = 1.6 and
theta0 = pi/4.
In conclusion of this section, one can note that for the 82585 discharge, unstable modes have
been found at different scales at the middle of the pedestal. All these modes are drift -waves. So
far no KBMs or MTMs are dominant in this region of the plasma. It is stressed again that these
results hold for the magnetic equilibrium used within the JET modelling task force on pedestal
stability.
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5.3 Stability of the JET-ILW at the top of the pedestal
The stability of the plasma at the top of the pedestal has been investigated. The radial position
is now chosen at e = 0.3035. The Tab.5.4 presents the input parameters at the top of the pedestal
.
.
e q s β(%) R/LTe R/LTi R/Lne R/Lni
0.3035 3.89 3.22 0.002 62 62 13 13
Table 5.4 – 82585 discharge - Relevant input parameters used for the linear simulations with
GKW.
Fig.5.14 represents the growth rate of as function of kθρi. For each point the eigenfunction and
the frequency of the modes have been analysed. Two different modes with different parity have
been identified.
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Figure 5.14 – Growth rate of unstable modes at the top of the pedestal e = 0.3035 as function of
kθρi. Red cross: the mode has an interchange parity (A˜‖ odd and φ˜ even) and rotates in the ion
diamagnetic frequency. Blue cross: the mode has a tearing parity (A˜‖ even and φ˜ odd) and
rotates in the electron diamagnetic frequency.
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The red crosses correspond to modes with an interchange parity, i.e. the perturbed vector
potential A˜‖ is odd and the perturbed electric potential φ˜ is even. These modes rotate in the ion
diamagnetic frequency. On the other hand the blue crosses are modes with a tearing parity, the
perturbed vector potential A˜‖ is even and the perturbed electric potential φ˜ is odd. These modes
rotate in the electron diamagnetic frequency. The structure of these modes can be shown in the
Fig. 5.15. Hence it seem that at the top of the pedestal MTMs and KBM are present.
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Figure 5.15 – (a) The perturbed vector potential A˜‖ and (b) electric field φ˜ with kθρi = 0.4. (c)
The perturbed vector potential A˜‖ and (d) electric field φ˜ with kθρi = 1.8
It is important to note that convergence tests have been done, the numerical resolution has
been chosen to describe correctly the different modes (see Tab. 5.5).
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Table 5.5 – Numerical resolutions used for the top of JET-ILW pedestal analysis.
Nµ Nv‖ Ns Npol
32 64 63 69
Effect of the electron temperature gradient R/LTe
We investigate the effect of the electron temperature gradient on these modes at kθρi = 1.8.
The Fig.5.16 represents the growth rate as function of the electron temperature gradient R/LTe .
When the electron temperature increases the growth rate increases. The nature of the mode
change below R/LTe = 60. These modes bear the tearing parity and are sensitive to the electron
temperature gradient. The modes with a tearing parity prevail at higher wavenumbers. These
could be microtearing modes, consistently with an increase of the growth rate with the electron
temperature gradient, but other candidates are possible, like TETG (ETGmodes with tearing parity)
[86]. Effectively, on the Fig. 5.15 the perturbed electric potential is much higher than the vector
potential, which suggest that the mode is an electrostatic mode with a tearing parity.
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Figure 5.16 – Growth rate as function of the electron temperature gradient R/LTe at kθρi = 1.8.
Red crosses are identified as KBM modes and blue crosses are tearing parity modes.
Effect of the magnetic shear sˆ
We investigate the role played by the magnetic shear, for the interchange parity mode shown
on Fig.5.14 (kθρi = 0.6) and the tearing parity mode (kθρi = 1.8).
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Figure 5.17 – (a) Growth rate of different modes present at the top of the pedestal for a
kθρi = 0.6. Black cross: ESDW modes, red cross: KBM and Blue cross: Tearing parity modes. (b)
Growth rate of different modes present at the top of the pedestal for a kθρi = 1.8. Black cross:
ESDW modes, blue cross: Tearing parity modes (TPM).
The Fig.5.17-a represents the corresponding growth rates kθρi = 0.6. In Fig.5.14 at kθρi = 0.6
the most unstable modes are ESDW.When increasing the magnetic shear, Fig.5.17 (a) shows that
KBM are destabilized. At high magnetic shear values a mode with a tearing parity is destabilized.
The eigenfunctions are shown in Fig.5.18. It is important to note that the onset of the tearing parity
branch appears for non realistic value of the magnetic shear.
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Figure 5.18 – Representation of the structure along the magnetic field line of the different
modes observed on the Fig.5.17 (a). Black curve: the perturbed vector potential A˜‖ and electric
potential φ˜ along the magnetic field line at sˆ = 2.5. Red curve: the perturbed vector potential
A˜‖ and the electric potential φ˜ along the magnetic field line at sˆ = 3. Blue curve: the perturbed
vector potential A˜‖ and electric field φ˜ along the magnetic field line at sˆ = 6.
In Fig.5.14 at kθρi = 1.8, the most unstable modes have a tearing parity. In the Fig.5.17-
b when increasing the magnetic shear a transition is observed between the ESDW and tearing
parity modes (Fig.5.17-b). The eigenfunctions are shown in Fig.5.19.
Aix-Marseille Univ. / CEA Cadarache December 19, 2019 Hamed
138 5. Stability of JET pedestal plasmas
-5 0 5
s
-1
0
1 10
-4
-5 0 5
s
0
0.5
1
-2 0 2
s
0
5
10 10
-3
-2 0 2
s
-1
0
1
Figure 5.19 – Representation of the structure along the magnetic field line of the different
modes observed on the Fig.5.17 (a). Black curve: the perturbed vector potential A˜‖ and the
electric potential φ˜ along the magnetic field line at sˆ = 2.5. Blue curve: the perturbed vector
potential A˜‖ and electric potential φ˜ along the magnetic field line at sˆ = 4.5.
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5.4 Conclusion of the JET-ILW pedestal analysis
In conclusion, the stability of JET-ILW pedestal has been studied using the local version of the
GKW code and the data of the JET discharge 82585. In a first stage, the code has been run to
assess the stability at mid-height of the pedestal. Electrostatic drift waves (ESDW) appear to be
the most unstable modes. This is in contrast with previous findings (Hatch et al), where microtear-
ing modes were found to play a prominent role. Convergence tests have been conducted, and a
benchmark against the GS2 gyrokinetic code has been completed. Both confirm that ESDW are
the most unstable modes, for this choice of parameters. The discrepancy is attributed to slight
differences in the magnetic equilibrium that was used in old and new stability analyses.
Then, the stability of the plasma at the top of the pedestal has been investigated. Here it is
found that KBM are the most unstable modes at low wavenumbers, while modes with a tearing
parity prevail at higher wavenumbers. These could be microtearing modes, consistently with an
increase of the growth rate with the electron temperature gradient, but are most likely electrostatic
modes with tearing parity, like TETG (ETG modes with tearing parity).
The effect of the magnetic shear is then investigated. A scan with the magnetic shear shows
that the nature of the most unstable mode is very sensitive to the details of the magnetic config-
uration. Typically the most unstable mode is a drift wave at low magnetic shear, then a KBM in
an intermediate domain, and ultimately it becomes a tearing parity mode (likely MTM or TETG) at
high magnetic shear.
Several conclusions can be drawn from this stability analysis. First a reliable study requires
highly resolved simulations –simulations with an insufficient number of mesh points usually yield
incorrect results as to the nature of the most unstable mode – also numerical dissipation has
to be low enough. Secondly, it is quite clear that several instabilities (ESDW, KBM, and MTM)
compete in the pedestal plasma. The outcome of this competition depends sensitively on the
plasma parameters and magnetic equilibrium, most notably the magnetic shear. Finally given the
uncertainties on the measurements, it is hard to ascertain the nature of the dominant instability
unless the main key parameters ( plasma beta, temperature gradient length, magnetic shear) are
varied over a quite large range domain compatible with the experimental error bars.
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Conclusion
Confinement is an issue of utmost importance for fusion plasmas. It is widely agreed that
turbulence is responsible for confinement degradation in magnetized fusion plasmas. The main
scenario for operating most tokamaks, and future the device ITER is the H-mode. In H-modes,
the modeling of the pedestal dynamics is an important question to predict temperature and density
profiles in the tokamak edge and therefore in the core.
The model ”EPED”, based on the stability of large and small scale MagnetoHydroDynamic
(MHD) modes, is most commonly used to characterize the pedestal region. The EPED model
has been quite successful until now. However some recent analysis of JET plasmas suggest that
another class of instabilities, called microtearing modes (MTMs), may be responsible for electron
heat transport in the pedestal, and thereby play some role in determining the pedestal charac-
teristics. MTMs lead to the formation of magnetic islands, which can enhance the electron heat
transport. Although the stability of MTMs has been theoretically studied in the past, the destabi-
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lization mechanism at play in the pedestal region is not yet well understood owing to the number
of parameters (electron temperature gradient, magnetic field curvature, magnetic shear, ...) that
control the strength of the instability. This lack of understanding leads to apparent disagreement
between the linear theory and gyrokinetic simulations. Indeed, past linear theories showed that a
slab current sheet is stable in the absence of collisions whereas, in collisionless regimes, recent
gyrokinetic simulations in toroidal geometry found unstable MTMs.
To better understand the origin and the role played by this microinstability, the objective of this
thesis work is to improve the analytical theory by including progressively missing physical mech-
anisms such as the magnetic drift and the electric potential (chapters 2 and 3). The analytical
model has been directly compared with gyrokinetic simulations (chapter 3). Then , using a set
of a standard tokamak physical parameters, a set of nonlinear gyrokinetic simulations has been
done to evaluate the electron heat transport due to this microinstability (chapter 4). Finally, the
role played by MTM in the pedestal region is investigated using a JET-ILW tokamak experimental
input parameters in gyrokinetic simulations (chapter 5).
In the chapter 2, a basic picture of microtearing modes has been described. Microtearing
modes are electromagnetic modes with tearing parity : the potential vector radial structure is even
and localized around the resonant surface and the electric potential radial structure is odd. This
microinstability leads to a modification of magnetic field lines topology at the ion Larmor radius
scale and to the formation of magnetic islands which enhance electron heat transport.
After the discovery of this microinstability in 1975, several theories have been developed. Past
analytical calculations neglecting some important physical effects like the magnetic drift, the elec-
tric potential, collisions, trapped particles and in a slab geometry predict unstable MTM only in the
presence of collisions. In collisionless regime, MTMs are found stable. Before adding new physi-
cal mechanisms to past theories, the MTMs stability have been investigated in a kinetic framework
including only the electron temperature gradient whereas both magnetic drift and electric potential
are neglected. It appears that, at both low and high collisionalities microtearing modes are stabi-
lized whereas at intermediate collisonality, typical of the pedestal region, MTMs are unstable, in
agreement with the previous analytical theories.
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In chapter 3, the magnetic drift and the electric potential are taken into account. Indeed, re-
cent investigations using different gyrokinetic codes predicted unstable MTMs in the collisionless
regime. On the one hand, one has a simple analytical calculation including only the tempera-
ture gradient, and in an other hand gyrokinetic simulations which take into account more complex
physics. In order to understand the origin of the mechanisms that can destabilize MTMs especially
in the pedestal region, the following step is to reconcile the analytical calculation with numerical
simulations using a downgraded version of GKW by keeping only the physical ingredients present
in the simple slab model.
An analytical dispersion relation including an effective magnetic drift is formulated and com-
pared directly with GKW simulations without magnetic drift. It appears analytically and numerically
that the magnetic drift can destabilize MTMs only in conjunction with a finite collisionality. A fair
agreement between the analytical model and GKW simulations is observed. Then, the radial struc-
ture of the vector potential in real space is compared with the structure of the mode in ballooning
space obtained from numerical simulations. The radial structure expected from theory is recovered
numerically. The vector potential is even and localized around the resonant surface. The local-
ization of the vector potential can justify the use of an effectivemagnetic drift in the analytical model.
Then, the perturbed electric potential is added in the model. Including both the electric potential
and the magnetic drift add difficulties to the problem. The resolution of the Ampere and Poisson
equations lead to a system of two reduced MHD equations. An eigenvalue code called "Solve_AP"
(for solve Ampere -Poisson equations) was developped to solve this system of equations since no
tractable solution of the electromagnetic case could be found. The results obtained from "Solve_P"
are directly compared with GKW simulations. It is important to note that the gyrokinetic simulations
are closed to the theoretical model. A fair agreement is still found between "Solve_AP" and GKW.
The main result is that again MTMs are destabilized by the electric potential and magnetic drift
only in conjunction with a finite collisionality. In absence of collision MTMs are stable.
This result cannot explain the unstable MTMs found in collisionless regime in recent gyrokinetic
simulations. One explanation could be a destabilizing effect of trapped electrons not included in
this work at this stage. The role played by the trapped particles has been investigated. Since in-
deed, trapped particles can play an important role in the MTMs stability. At low collisonality, GKW
provides the most unstable mode and no unstable MTM are observed. The unstable mode in this
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regime is the trapped electron mode. There is no way so far to conclude about the existence or
not of a trapped particle drivenMTM in absence of collisions and further investigations are required.
The chapter 4 presents a quasi-linear calculation of fluxes driven by a microtearing turbulence,
and results of non linear simulations performed with the GKW code. Quasilinear fluxes can be
related to the dispersion relation derived in chapter 3. These expressions hold in situations where
field lines are stochastic. This approach offers a unified formulation that allows recovering most
expressions found in past theoretical models. Non linear GKW simulations indicate that a MTM
turbulence produces essentially a turbulent electron heat flux, as expected. The diffusivity scales
as the square of the magnetic field fluctuations, in accordance with quasi-linear predictions. More-
over, the radial structure of the most unstable MTM reveals that current inside the resonant surface
drive the instability and the generation of nonlinear magnetic island.
Chapter 5 presents results obtained using JET-ILW experimental data as input parameters for
gyrokinetic simulations. This work has been done in the framework of a collaboration between
3 groups coordinated by the JET team: a group from IFS (University of Texas at Austin, USA)
using the GENE code, a group from CCFE (Culham, UK) using GS2, and our group in France
using GKW. The main goal was to identify the different instabilities at play on the pedestal region
of JET-ILW.
To start, the pedestal of JET-ILW at mid-height is investigated in term of stability. More pre-
cisely, linear gyroknetic simulations have been performed using JET-ILW experimatal data as input
parameters at the mid-pedestal. After performing numerical validations (impact of dissipation and
grid resolution ) and comparisons with GS2 code, it appears that electrostatic drift waves are the
main instability in that region of the pedestal. Different physical effects on the stability have been
studied. The β parameter and the electron temperature gradient enhance the mode linear growth
rates without changing its nature. The ballooning angle appears to have negligible effect on the
stability.
Then, the stability at the top of the pedestal has been investigated using the same experimen-
tal input parameters for the simulations. Indeed, it is in that pedestal region that MTMs have the
higher chance to appear. However, it is found that electrostatic drift waves are still the most unsta-
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ble modes.
The results are in disagreement with linear simulations performed with the GENE code using
a slightly different magnetic equilibrium both at the top and mid-height of the pedestal. Thus, a
definitive conclusion on the pedestal stability cannot be drawn. The GKW, GS2 and GENE codes
are very similar. The sensitivity of the results on input parameters, in particular the magnetic geom-
etry, suggests that several instabilities co-exist in the pedestal with comparable growth rates, due
to sharp gradients. Further investigations are thus required to get a clearer picture of the pedestal
stability of JET-ILW plasmas.
In conclusion, by mean of comparisons with analytical theory and linear gyrokinetic simula-
tions, this thesis shows that if a MTM is unstable, it will be amplified by the magnetic drift and the
electric potential. In particular, in collisional regime, the presence of magnetic drift and/or electric
potential enhances the MTM linear growth rate. However, if the MTM is not unstable, magnetic
drift and electric potential are not sufficient to destabilize it, in particular at low collisionality. The
question of the MTM stability at low collisionality is still open and the impact of trapped particles
has to be further investigated.
Moreover, a quasi-linear model has been proposed and compared successfully to a set of non-
linear simulations of a MTMs bath. It is found that quasi-linear diffusion coefficient scales with
the level of magnetic fluctuations. Even if the numerical radial structures of the modes reveals
the generation of nonlinear magnetic island, investigations of magnetic island characterization are
required.
Moreover, using JET-ILW experimental data as input parameters for gyrokinetic simulations, it
has been found that various instabilities can co-exist in the JET pedestal. Further investigations
are required to get a full model giving the pedestal width and height. Probably, local gyrokinetic
simulations are not relevant to deal with this problem and global simulations have to be performed.
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Numerical resolution of the kinetic reduced
MHD model (KRMHD)
A.1 Introduction
In the chapiter 3, in order to understand the linear mechanisms at play in the MTM destabiliza-
tion, an analytical calculation has been developed taking into account the effect of the magnetic
drift and the electric potential. The resolution of the Ampère’s law and the Poisson equations leads
to a set of two equations (Eqs.3.44-3.44 ) where the the Spitzer resistivity is replaced by a kinetic
conductivity. This system of equations is called kinetic reduced MHD model (KRMHD) and no
tractable analytical solution in the electromagnetic case could be found. Hence, an eigenvalue
code called "Solve_AP" (for Ampère-Poisson equations) was developed. The aim of this annex is
to describe how these equations have been solved.
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A.2 Description of the kinetic reduced MHD model (KRMHD)
First, as described in the chapter 3,the Ampère and Poisson equations are written in a varia-
tional form.
L = − 1
µ0
∫
d3x
∣∣∣∇⊥A‖∣∣∣2 + ∫ d3x(J‖A∗‖ − ρφ∗) (A.1)
where φ∗ and A∗‖ are the complex conjugate of the electric potential and the vector potential,
respectively and ρ is the charge density. The extremalization of the functional in the physical
space provides a set of two equations
∇2⊥ψˆ+ β∗σ(ρ, ζ)
(
ψˆ− ρ
Ω
φˆ
)
= 0 (A.2)
∇2⊥φˆ+ µe
ρ
Ω
σ(ρ, ζ)
(
ψˆ− ρ
Ω
φˆ
)
− Cintφˆ = 0 (A.3)
where ψˆ = vthe Aˆ‖.
µe(Ω) =
me
mi
L2s
L2Te
1
1
Ω (
1
ηe
+ 1) + 1
and β∗ =
( Ls
LTe
)2
βe (A.4)
The quantities (β∗, µe) have been defined so as to deal with compact equations. Cint is a coefficient
associated with the interchange term:
Cint =
(1+ 1ηe )
1+ 1Ω
(
1+ 1ηe
) 1
Ω2
( Ls
LT
)2me
mi
2LT
R
. (A.5)
This system is nothing else than the equations of kinetic reduced MHD where the Spitzer[63]
conductivity is replaced by the kinetic conductivity σ(ρ, ζ)[57].
A.3 Discretisation of kinetic reduced MHD model
The Eqs. A.2 and A.3 are written in a matrix form by using a finite difference numerical scheme.
ψˆ and φˆ are discretized as following:
ψix+1 − 2ψix + ψix−1
h2
− k2θψix + β∗σix
(
ψix − ρixΩix ψix
)
= 0 (A.6)
Aix-Marseille Univ. / CEA Cadarache December 19, 2019 Hamed
A. Numerical resolution of the kinetic reduced MHD model (KRMHD) 147
and
φix+1 − 2φix + φix−1
h2
− k2θφix + µe(Ωix)ρix
σix
Ωix
(
ψix − ρixΩix φix
)
− Cintφix = 0 (A.7)
we note h = Lx/(Nx + 1) where Lx is the box length and Nx the number of points in x.

a0 b0 c0 0 0 0 . . . 0
A0 B0 C0 0 0 0 . . . 0
a1 b1 c1 d1 e1 0 . . . 0
0 A1 B1 C1 D1 E1 . . . 0
...
...
...
... . . .
...
...
...
0 0 0 aNx−1 bNx−1 cNx−1 dNx−1 eNx−1
0 0 0 ANx−1 BNx−1 CNx−1 DNx−1 ENx−1
0 0 0 0 aNx 0 cNx dNx
0 0 0 0 0 ANx BNx CNx

·

ψ0
φ0
ψ1
φ1
...
ψNx−1
φNx−1
ψNx
φNx

= 0
where all coefficients are defined as:
ai =
1
h2
bi = 0
ci = − 1h2 − k
2
θ + β
∗σi
di = −ρiβ
∗σi
Ωi
ei =
1
h2
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and
Ai =
1
h2
Bi = µe(Ωi)
ρiσi
Ωi
ci = − 1h2 − k
2
θ − µe(Ωi)
ρ2i σi
Ω2i
− Cint
Di = 0
ei =
1
h2
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A.3.1 Boundary conditions for MTMs
The coefficients a0, b0, c0, A0, B0,C0 and aNx , bNx , cNx , ANx , BNx ,CNx are fixed by the boundary
conditions which are revelant for our problem, i.e for MTMs.
Boundary conditions at x = 0
For microtearing modes the perturbed electric potential φ is odd and the normalized perturbed
vector potentiel ψ is even. In the classical theory of microtearing modes, the perturbed vector
potential is assuming to decay at large |x| as Aˆ‖ ∼ exp(−|kθ ||x|). As explained in the chapter 2,
the matching with the external solution is represented by the ∆′ parameter, which is defined for a
microtearing mode by ∆′ = −2|kθ |. The asymptotic matching allows to fix the boundary conditions.
When x = 0, the boundary conditions are: dAˆ‖dx |x=0 = 0 and φˆ(0) = 0. These conditions fix the
parity of Aˆ‖ even and φˆ odd. Which lead to the following expressions:
a0 = − 2h2 − ∆
′h− k2θ + σ0β∗
b0 = 0
c0 =
2
h2
and
A0 = µeΩ0
ρ0σ0
Ω0
B0 = − 2h2 − k
2
θ − µeσ0
ρ20
Ω20
− Cint
C0 = 0
Boundary conditions at x = Nx
When |x| → +∞, the conditions for MTMs are: |φˆ| → 0 and |Aˆ‖| → exp(−|kθ ||x|). Eqs.
(3.44,3.45) are solved far away from the current layer. The coefficients at x = Nx become:
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aNx = 0
bNx = 0
cNx − 2h2 − k
2
θ − σNxβ∗
dNx = 0
and
ANx = 0
BNx = µe(ΩNx)
ρNxσNx
ΩNx
CNx = − 2h2 − k
2
θ − µe(ΩNx)
ρ2NxσNx
Ω2Nx
− Cint
A.3.2 Matrix inversion- Solve_AP
In order to find the Ω (with Ω = Ωr + iγ) solution of the system of equations and the asso-
ciated eigenvector and eigenvalue, Eqs. A.2-A.3 are then implemented in an eigenvalue code,
called "Solve_AP". The Lapack functions are used to solve the equations. Lapack contains a lot
of packages (freely available) which provides some functions for solving linear equations and to
find the eigenvalues. The Lapack routine ZGESVD is used to compute the singular value decom-
position of the complex mby n matrix M and the singular vector. The SVD can be written as:
M = UΣVH (A.8)
where U is an m by m unitary matrix, σ is an m by n matrix and V is an n by n unitary matrix. One
can note that the diagonal elements of Σ are the singular values of the matrix M.
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A.3.3 Test with heat equation
Before solving directly the interested system of equations including the effect of both the electric
potential and magnetic drift, Solve_AP has been tested with the heat equations.
Heat equation
ψ have to satisfy the following heat equation:
∂2ψ
∂x2
− ∂ψ
∂t
= 0 (A.9)
where x is a coordinate in the physical space and t is the time.
∂ψ
∂t
= −iΩψ (A.10)
where Ω = Ωr + iγ. The partial differential equation becomes:
∂2ψ
∂x2
ψ+ iΩψ = 0 (A.11)
One solution of the problem is:
ψ = ψ0 cos(
npi
Lx
x) (A.12)
Considering the solution Eq.A.12 an expression for γ is obtained.
∂2ψ
∂x2
ψ+ iΩψ = −
(
npi
Lx
)2
ψ+ iΩrψ− γψ = 0 (A.13)
The analytical solution is:
Ωr = 0
γ = −
(
npi
Lx
)2
With Lx = 1 and n = 1→ γ = −pi2 and when n = 2→ γ = −4pi2.... This analytical solution will
be compared with the results computed by the eigenvalue code.
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To solve and obtain a solution of the partial differential Eq.A.11 numerically, the boundary
conditions have to be chosen. The simplest boundary condition are ψ(0, t) = ψ(L, t) = 0. The
derivatives in the partial differential equation (Eq.A.11) are written in terms of the following finite-
difference representations.
∂2ψ
∂x2
=
ψi−1 − 2ψi + ψi+1
h2
(A.14)
where h = ∆x. The final equation can be written as:
ψi−1 − 2ψi + ψi+1
h2
+ iΩψi = 0 (A.15)
The discretized Eq. A.15 is written in a matrix form:

a0 b0 c0 0 0 0 . . . 0
a1 b1 c1 0 0 0 . . . 0
0 a2 b2 c2 0 0 . . . 0
...
...
... . . .
...
...
...
...
0 0 0 0 0 aNx−1 bNx−1 cNx−1
0 0 0 0 0 0 aNx bNx

·

ψ0
ψ1
ψ2
...
ψNx−1
ψNx

= 0
where the coefficients a0, b0, c0 and aNx , bNx are obtained using the boundary conditions, ψ(0) =
ψ(L) = 0 which implies that:
a0 = iω− 2h2 , b0 = 0 and c0 = 0
aNx = 0 and bNx = iΩ− 2h2
The other coefficients in the matrix are defined as:
ai =
1
h2
bi = iΩ− 2h2 and ci =
1
h2
The solution computed by the eigenvalue code is compared with the analytical solution.
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Figure A.1 – Solution of heat equation.
Resolutions of KRMHD equations using Solve_AP
Then, the results obtained from "Solve_AP" are directly compared with gyrokinetic simulations
using a version of GKW close to the theoretical model. A reasonable agreement is observed in
the long wavelength limit, δe >> ρi. Using the set of parameters presented in the Tab.A.1 a com-
parison between the GKW simulations and the results come from "Solve_AP" has been done.
Table A.1 – Revelant input parameters used for the KRMHD model and the linear simulations
with GKW.
e q s β(%) R/LTe R/LTi R/Lni R/Lni kθρi
0.22 2.2 0.3 0.9 10 0 0.26 0.26 0.3
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Figure A.2 – Comparison between linear analytical growth rate (a) and frequency (b) of MTMs
as the function of the electron-ions frequency using the set of parameters presented in Table A.1
and including magnetic drift and electric potential perturbations.
Fig. A.2- (a) and (b) represent the growth rate of microtearing modes and the their frequency
as a function of the GKW collisonality frequency when the magnetic drift and the electric poten-
tial are considered. A good agreement is found between the results come from "Solve_AP" and
linear GKW simulations. As in the case without magnetic drift and without electric potential, the
theoretical model slightly underestimates the mode frequency, especially at large collisionality.
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B
Link between GKW spectral representation
and Fourier components
B.1 Introduction
The objectif of the annex is to establish the link between the spectral representation of a field
in GKW and its poloidal/toroidal Fourier components. It has been shown that the radial structure
of the mode is obtained by the Fourier transform of the mode structure along the magnetic field
line.
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B.2 Spectral representation
Fourier components
Let us consider magnetic fluctuations, that derive from a perturbed vector potential, written as
a Fourier series
A˜‖(r, θ, ϕ) = ∑
m,n
A˜‖,mn(r) exp {i (mθ + nϕ)} . (B.1)
For one (m, n) mode the pertubed vector potential can be written as:
A‖,m,n(r)
∫ +∞
−∞
dθ
2pi
∫ +pi
−pi
dϕ
2pi
A‖(r, θ, ϕ)e−(mθ+nϕ) (B.2)
Where r, θandϕ are the radial coordinate, the poloidal and toroidal coordinate. The poloidal and
toroidal wave numer are noted m and n, respectively.
Spectral representation in GKW
In GKW, the vector potential is defined as a sum of Fourier components in field aligned Hamada
coordinates (e, ξ , s) where e = r0/Rre f is the radial coordinate, ξ is the binormal coordinate and s
is referred as the coordinate along the magnetic field lines. The ξ coordinate is defined as:
ξ = qs− γ (B.3)
(B.4)
Where the safety factor q, s = s(r, θ) and = γ = γ(r, θ) are defined as:
q =
Bγ
Bs
(B.5)
s = Bs
∫ θ
0
dθ
B.∇θ (B.6)
γ =
ϕ
2pi
+ sB
RBt
2pi
∫ θ
0
dθ
B.∇θ
[ { 1
R2
}
+
1
R2
]
(B.7)
with:
Bs =
1∮ dθ
B.∇θ
(B.8)
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Bγ = sB
RBt
2pi
{
1
R2
}
(B.9)
where sB = ± determined the sign of the magnetic field and Bt the toroidal component of the
magnetic field. Then, inserting the expression of s, q and γ in the Eq.B.4, one can obtain:
ξ = − ϕ
2pi
+ sB
RBt
2pi
∫ θ
0
dθ
B.∇θ
1
R2
(B.10)
In GKW, the field are expressed as the sum of Fourier components in (e, ξ):
A‖(e, ξ , s) = ∑
ke ,kξ
Aˆ‖ke ,kξ (s)e
i
[
kξ
ρ∗ ξ+
ke
ρ∗ (e0−e)
]
(B.11)
The toroidal and poloidal periodicity imply:
kξ
2piρ∗ = −n (B.12)
and
Aˆ‖ke ,kξ (s) = Aˆ‖ke+pkξ ∂q∂e ,kξ
(s− p) (B.13)
For a given mode kξ , ke = k0e + pkξ
∂q
∂r where q = q0 +
∂q
∂e (e− e0).
Now, to establish a link between the spectral representation and the (m, n) Fourier components
of the field the Eq.B.11 is inserted in Eq.B.2 and using also the toroidal periodicity Eq.B.12. The
perturbed vector potential is written as:
Aˆ‖,m,n(r) =
∫ +pi
−pi
dθ
2pi
e−imθ∑
ke
Aˆ‖ke ,kξ (s)e
−i2pin[−ϕ2pi +sB
RBt
2pi
∫ θ
0
dθ
B.∇θ
1
R2
]−inϕei
ke
ρ∗ (e−e0) (B.14)
It is convenient to note :
A(r, θ) = sB RBt2pi
∫ θ
0
dθ
B.∇θ
1
R2
(B.15)
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which leads to:
Aˆ‖,m,n(r) =
∫ +pi
−pi
dθ
2pi
e−imθ∑
ke
Aˆ‖ke ,kξ (s)e
−i2pinA(r,θ)ei
ke
ρ∗ (e−e0) (B.16)
Using the poloidal periodicity Eq.B.13
Aˆ‖,m,n(r) =
∫ +pi
−pi
dθ
2pi
e−imθ ∑
|k0e |<|kξ ∂q∂e |
+∞
∑
p=−∞
Aˆ‖k0e+pkξ ∂q∂e ,kξ
(s(θ))e−i2pinA(r,θ)e
i
ρ∗ (k
0
e+pkξ
∂q
∂e )(e−e0)
(B.17)
=
∫ +pi
−pi
dθ
2pi
e−imθ ∑
|k0e |<|kξ ∂q∂e |
+∞
∑
p=−∞
Aˆ‖k0e ,kξ (s(θ + 2pip))e
−i2pinA(r,θ)e
i
ρ∗ (k
0
e+pkξ
∂q
∂e )(e−e0)
(B.18)
Using the expressing of the safety factor (q− q0) = ∂q∂e (e− e0) one can note:
Aˆ‖,m,n(r) = e
i k
0
e
ρ∗ (e−e0)
∫ +pi
−pi
dθ
2pi
e−imθ
+∞
∑
p=−∞
Aˆ‖k0e ,kξ (s(θ + 2pip))e
−i2pinA(r,θ)ei2pipn(q0−q) (B.19)
= ei
k0e
ρ∗ (e−e0)
+∞
∑
p=−∞
∫ pi+2pip
−pi+2pip
dθ
2pi
e−im(θ−2pip) Aˆ‖k0e ,kξ (s(θ))e
−i2pinA(r,θ−2pip)ei2pipn(q0−q)
(B.20)
= ei
k0e
ρ∗ (e−e0)
+∞
∑
p=−∞
ei2pipnq0
∫ pi+2pip
−pi+2pip
dθ
2pi
Aˆ‖k0e ,kξ (s(θ))e
−im(θ)e−i2pinA(r,θ) (B.21)
= ei
k0e
ρ∗ (e−e0)
∫ +∞
−∞
dθ
2pi
Aˆ‖k0e ,kξ (s(θ))e
−im(θ)e−i2pinA(r,θ) (B.22)
In ballooning theory, the arbitrary poloidal angle θ is specified to be the straight field line angle
η. With A(r, η) = qη/2pi, one can write the Eq.B.22 with the straight field line angle η:
Aˆ‖,m,n(r) = e
i k
0
e
ρ∗ (e−e0)
∫ +∞
−∞
dη
2pi
Aˆ‖k0e ,kξ (η)e
−i(m+nq)η (B.23)
The straigth field line can be computed from following relationships:
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B.∇η = B.∇ϕ
q
(B.24)
B.∇η = B.∇s∂η
∂s
(B.25)
One obtain:
∂η
∂s
=
Bt
qBsR
(B.26)
and finally,
η =
RBt
qBs
∫ s
0
ds
R2
(B.27)
one then defined the radial coordinate:
x =
r− r0
ρre f
=
e− e0
ρ∗ (B.28)
Focusing on the resonant mode number m0 = −nq0, one can determine a pratical expression
that can be used with GKW:
Aˆ‖,m0 ,n(x) = e
ik0ex
∫ +∞
−∞
dη
2pi
Aˆ‖k0e ,kξ (η)e
i kxi2pi
e0
q0
sˆxη (B.29)
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C
Effect of numerical dissipation on the MTM
stability
C.1 Introduction
Numerically, the modeling of MTMs is challenging. The width of the current layer and the sensi-
tivity of magnetic reconnection to dissipation require having a high numerical resolution and a weak
numerical dissipation, pârticularly at low collisionality. The aim of this annex is to evaluate the role
played by the numerical artificial dissipation coefficient (noted D) implemented in the gyrokinetic
code GKW to ensure the stability of the numerical scheme.
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C.2 Numerical dissipation
The linear studies show that MTMs are stable at low collisionality and unstable when collision-
ality increase. The current layer is very thin and localized around the resonant surface with a width
of the order of:
δJ =
Ls
LTe
ρe
√
νei
ω∗
<<
1
kθ
(C.1)
where Ls is the magnetic shear length Ls = qR/sˆ, LTe is the electron temperature gradient length
scale and ρe is the electron Larmor radius. To describe correctly the current layer a high resolution
and low numerical artificial dissipation are necessary. Terms I, VII (Chap. 3, page 69) contain a
derivative along the magnetic field line and the term VI a derivative in the parallel velocity direction.
These terms correspond to an advection with a spatially dependent advection velocity and can be
written in the form: −v(s) ∂g∂s . The second and fourth -order centred- differences can be written as
([62])
v
∂g
∂s
→ vi−gi−1 + gi+12∆s − D|vi|
gi−1 − 2gi + gi+1
2∆s
(C.2)
v
∂g
∂s
→ vi gi−2 − 8gi−1 + 8gi+1 − gi+212∆s − D|vi|
−gi−2 + 4gi−1 − 6gi + 4gi+1 − gi+2
12∆s
(C.3)
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Figure C.1 – Growth rate of MTMs as the function of the collisionality for two values of
numerical artificial dissipation coefficient D when magnetic drift and electric potential are
switched- on in GKW. Red crosses D = 0.05 and black crosses D = 0.3.
One can note that the numerical dissipation coefficient D is an input parameter of GKW and
it is not a physical parameter, so our results should be independent of D. The role played by
this parameter is investigated when the magnetic drift and the electric potential are switched-on in
GKW. Fig.C.1 represents the growth rate of MTM as the function of the collisionality for two different
values of the numerical artificial dissipation coefficient, (red crosses D = 0.05 and black crosses
D = 0.3. It is important to note that D = 0.3 is a standard value used to study ITG for example.
On Fig.C.1, at low collisionality, MTMs are found stable (red crosses, D = 0.05), however, when D
increases (black crosses, D = 0.3) MTMs become unstable. In this region, MTMs are sensitive to
the artificial numerical dissipation and can be artificially destabilized. To study MTMs it is important
to choose a low enough numerical dissipation. At intermediate and high collisionality MTMs growth
rate are much less impacted by the numerical artificial dissipation coefficient.
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At νGKWei = 10−4, a numerical dissipation scan has been done. It appears clearly, on Fig.C.2
that when the numerical dissipation increases, the MTMs growth rate increases.
0 0.1 0.2 0.3 0.4
D
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-0.005
0
0.005
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0.015
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Figure C.2 – Growth rate of MTMs as a function of the numerical artificial dissipation
coefficient D when magnetic drift and electric potential are switched- on in GKW.
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Figure C.3 – Vector potential along the magnetic field line for two different values of the
numerical artificial dissipation coefficient, red curve D = 0.05 and black curve D = 0.3 at
νGKWei = 10
−4.
Fig.C.3 shows the vector potential of the dominant mode at νGKWei = 10−4 for two different
values of the numerical artificial dissipation coefficient D, red curve D = 0.05 and black curve
D = 0.3. The parity of the vector potential changes, A‖ is odd (interchange parity) when D = 0.05
and when D = 0.3, A‖ becomes even (tearing parity). The change of the structure of the mode
further highlights the critical role played by the numerical artificial dissipation coefficient.
As conclusion of this annex, at low collisionality, the numerical artificial dissipation coeffcient
can play the role of collisions leading to an artificial destabilization of microtearing modes. For all
the simulations presented in this thesis, the numerical artificial dissipation is small enough for the
growth rate to remain unchanged, D = 0.05.
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ABSTRACT
The stability of a microtearing mode (MTM) as a function of collisionality is investigated by means of a linear reduced model and numerical
simulations using the gyrokinetic code GKW. This study is focused on the role of the electric potential and the magnetic drift, which are
potential candidates for explaining the destabilization of MTM observed at low collisionality in some recent gyrokinetic simulations. In the
simulations, the magnetic drift and electric potential are found to be destabilizing in the presence of a finite collisionality. This destabilizating
role is captured in the analytical calculation, which further highlights the requirement for a finite collisionality.
Published under license by AIP Publishing. https://doi.org/10.1063/1.5111701
I. INTRODUCTION
Improvement of tokamak performance is possible thanks to the
spontaneous onset of a high confinement mode (H-mode). The
H-mode1,2 is characterized by the formation of a narrow and insulat-
ing region inside the last closed flux surface called pedestal. In this
region, the radial transport is reduced and a steep pressure gradient is
observed. The height and width of the pedestal strongly impact the
energy confinement time. At present, the pedestal (EPED) model,3,4
based on the stability of large and small scales magnetohydrodynamic
(MHD) modes, is most commonly used to characterize the pedestal
region. The EPED model has been extensively used and several
numerical simulations using experimental data are in fair agreement
with the observations. However, recent gyrokinetic simulations using
the JET-ILW experimental equilibrium profiles suggest that another
class of instabilities, called microtearing modes (MTMs), may also
influence the pedestal height and width by generating a large electron
heat transport level.5 MTM physics is not presently included in the
EPED model. This microinstability is a possible candidate for explain-
ing the anomalous electron heat transport in tokamaks.6–8
Microtearing modes (MTMs) are small scale tearing instabilities with
toroidal (n) and poloidal (m) mode numbers larger than conventional
tearing modes. MTMs modify the magnetic field line topology at the
ion Larmor radius scale and lead to the formation of magnetic islands.
The discovery of collisional MTMs driven by an electron temperature
gradient is attributed to Hazeltine et al.9 in 1975 and has been respon-
sible for several developments of the linear stability theory. Previous
analytical work predicted a peaked growth rate of MTMs at a finite
value of collisionality and a decrease down to a negative value in the
collisionless regime. Hazeltine et al. proposed a kinetic description of a
slab current sheet destabilized by an electron temperature gradient
leading to a tearing instability in the collisional regime only. In 1977,
Drake and Lee,10 using a cylindrical geometry, studied in detail the sta-
bility of MTMs driven by an electron temperature gradient in three
regimes of collisionality, “collisionless,” “semicollisional,” and
“collisional.” By means of analytical calculations, they predicted unsta-
ble MTMs in the presence of collisions and stable MTMs in the colli-
sionless regime. In 1980, Gladd et al.11 established a new analytical
calculation in slab geometry including the effect of the electric poten-
tial. The electric potential was found to be destabilizing in the presence
of collisions. The role played by the trapped particles in MTM destabi-
lization has been investigated by Catto and Rosenbluth in 198112 and
by Connor et al.13 in 1990. A derivation of a dispersion relation in real-
istic tokamak geometry was formulated showing that trapped electrons
are destabilizing in the presence of collisions. In 1989, Smolyakov14
showed that drift effects can give rise to small-scale magnetic islands
called “drift magnetic islands.” Then, in 1990, Garbet et al.15,16 sug-
gested analytically that MTMs are unstable nonlinearly and generate
electron heat transport. In summary, previous analytical work pre-
dicted that MTMs are stable in the collisionless regime and driven by
the electron temperature gradient in a slab magnetized plasma. The
analytical calculation was then improved in 2015 by Zocco et al.17 A
novel hybrid fluid-kinetic model was developed, showing that the elec-
tric potential destabilizes MTMs in the presence of collisions. The
destabilization of MTMs in the collisionless regime by the interchange
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effect was recently investigated by means of a fluid theory neglecting
the electric potential.18
Clearly, the physical mechanisms at play in the MTM destabiliza-
tion in both the collisional and collisionless regimes are not all well
understood owing to the number of parameters (electric potential,
interchange, trapped particles, magnetic drift,…) potentially involved.
Furthermore, tokamaks operate at high temperature and therefore low
collisionality at which MTMs are not expected to be unstable. This
claim caused lessened interest in these microinstabilities as a relevant
drive of turbulence. However, recent investigations using different
gyrokinetic codes predicted MTMs to be unstable in tokamak experi-
mental conditions. MTMs were found to be unstable in standard toka-
mak JET,5,20 ASDEX21,22 and DIII-D,23 in spherical tokamaks,6–8,24–28
and in Reverse-field pinch.29,30 The existence of MTMs in tokamaks
highlights the need to determine the role played by this microinstabil-
ity in different collisionality regimes. Numerically, MTMs dominate at
the top of the pedestal and can generate an electron heat transport. To
better understand the mechanisms which can destabilize MTMs, a
reduced kinetic model must be extended to include the electric poten-
tial, the magnetic drift, the trapped particles, the interchange effect,
and the collisions.
In previous studies, a linear dispersion relation of a slab micro-
tearing mode using a kinetic approach was established and compared
with linear gyrokinetic simulations.32 The linear stability of the colli-
sionless MTMs predicted by the theory9–14,16 is found to be consistent
with numerical simulations using the gyrokinetic code GKW.31
MTMs are stable in a collisionless regime. The purpose of this paper is
to establish a kinetic reduced MHD model denoted as the KRMHD
model, including electric potential, magnetic drift, interchange effect,
and collisions to better understand their role in MTM destabilization.
The effect of the trapped electrons is neglected in this reduced model.
Then, the KRMHD model is compared with numerical simulations
using GKW.
This paper is organized as follows. In Sec. II, a dispersion relation
of a current sheet model is derived including electric potential, mag-
netic drift, and collisions in a kinetic framework. This KRMHD model
is a derivation of a current sheet model by solving the Fokker–Planck
and Maxwell equations. The Fokker–Planck equation, required to eval-
uate the current inside the resistive layer, is solved in ballooning repre-
sentation. The full expression of the current inside the resistive layer is
rather complex. This complex form can be simplified by using an effec-
tive magnetic drift. In Sec. IIA, a dispersion relation including only the
magnetic drift is found. It appears that the magnetic drift destabilizes
MTMs only in conjunction with a finite collisionality.33 In Sec. II B, the
full electromagnetic problem is investigated. With both electric poten-
tial and magnetic drift, the evaluation of the current inside the resistive
layer is obtained from a system of two equations linking the vector
potential and the electric potential. This system of equations has been
solved numerically using an eigenvalue code, called “Solve_AP.” In Sec.
III, a description of the gyrokinetic equations used in the GKW code is
given. Terms that need to be retained/neglected to solve equations sim-
ilar to the KRMHDmodel are stressed. Physical mechanisms are added
in GKW step by step to identify their effect on MTM stability.
II. KINETIC MODEL OF MICROTEARING MODES
The fundamental aspect of the physics behind the microtearing
instability is the creation of a parallel current at a resonant flux surface
(q¼m/n, where q is the safety factor). Current sheets are strongly
localized around the resonant surface. Linear gyrokinetic simulations32
show that the mode structure is peaked at the low field side midplane
and rotates in the electron diamagnetic direction. The width of the
current layer, typically a few qe, and the sensitivity of magnetic recon-
nection to dissipation make the numerical calculations of MTMs chal-
lenging: it requires a high numerical resolution and a very weak
numerical dissipation, especially at low collisionality. The improve-
ment of the analytical model is crucial, first to better understand the
role played by the different physical parameters, but also because it is
free from the sensitivity to numerical resolution and dissipation.
We consider a simple geometry of circular concentric magnetic
surfaces, where r is the minor radius, u is the toroidal angle, and h is
the straight field line poloidal angle. The ballooning representation19
appears as the appropriate tool to study MTMs including the magnetic
drift and the electric potential. The KRMHD model is derived in the
“ballooning” space using the field aligned coordinates ðr; a; gÞ. Here,
a ¼ u qðrÞh is a transverse coordinate and g ¼ h is the coordinate
along the unperturbed field lines. Any perturbed field, for instance, the
vector potential Ak, at given toroidal wave number n and complex fre-
quency x, is written as follows:
Akðr; a; g; tÞ ¼
X1
p¼1
A^kðgþ 2ppÞ
 exp inaþ inqðrÞ g gk  2ppð Þ  ixt
 þ c:c:;
(1)
where q is the safety factor (near the rational surface q¼m/n where m
and n are the poloidal and the toroidal mode numbers, respectively)
and gk is the ballooning angle. The evaluation of the perturbed current
along the magnetic field line Jk ¼
P
species e
Ð
d3vfnxvk is obtained
from the distribution function of each charged species whose evolution
is given by the Fokker–Planck equation for each charged species,
including the magnetic drift, electric potential fluctuations, and colli-
sions. The distribution function fnx for each species at given nx is split
into an unperturbed part FM taken as an unshifted Maxwellian of tem-
perature Teq and a perturbed part f^ nxðg; vk;lÞ, where vk is the parallel
velocity and l is the magnetic moment. The perturbed distribution
function f^ nx is itself written as the sum of an adiabatic part and a reso-
nant part f^ nx ¼ FM h^nxTeq þ g nx, where h^nx ¼ eð/^  vkA^kÞ is the
perturbed Hamiltonian, /^ðgÞ and A^kðgÞ are the n, x Fourier compo-
nents of the electric and vector potentials and e is the algebraic charge.
A^k and /^ determine the perturbed magnetic and electric fields:
B^ ¼ r ðA^kbÞ and E^ ¼ r/^  @A^k@t . The resonant part, g nx, is a
solution of the following kinetic equation:
x kkvk  xd
 
gnx ¼
FM
Teq
x xð ÞJ h^nx þ iCðg nxÞ: (2)
The complex frequency x ¼ x^r þ ic^ contains the mode frequency
x^r and the mode growth rate c^. J is the gyroaverage operator, C is
a linearized Fokker–Planck electron–ion pitch-angle scattering
collision operator, and x ¼ xT 1ge þ f
2  32
 
is the kinetic diamag-
netic frequency with f ¼ v=vThe and xT ¼ khqi2
ffiffiffiffi
me
mi
q
vThe
R
R
LTe
, where
Physics of Plasmas ARTICLE scitation.org/journal/php
Phys. Plasmas 26, 092506 (2019); doi: 10.1063/1.5111701 26, 092506-2
Published under license by AIP Publishing
vThe ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Te=me
p
is the electron thermal velocity. The electron and
ion mass and temperature are denoted as me, mi, Te, and Ti, respec-
tively. In ballooning representation, kk must be understood as an oper-
ator which is a derivative along the magnetic field line i 1q0R0 @@g. The
magnetic drift frequency is defined as
xd ¼ nq0r0
mv2k þ lB0
eB0R0
cos gþ s0ðg gkÞ sin gð Þ; (3)
where gk is the ballooning angle and s0 ¼ rdqqdr jr¼r0 is the magnetic
shear at the reference resonant surface. Note that in ballooning repre-
sentation, jr?j2 should be replaced by k2? ¼ k2h½1þ s20ðg gkÞ2,
where kh ¼  nq0r0 is the reference poloidal wave number. Finally, it is
convenient to replace the distribution function g nx by
g^ nx ¼ gnx  FMTeq e xx

x J /^. The linear dispersion equation for MTMs
including both magnetic drift and electric potential can be obtained by
solving the Ampe`re law and Poisson equation written in a variational
form
L ¼  1
l0
ð
d3xjr?Akj2 þ
ð
d3xðJkAk  q/Þ; (4)
where q is the charge density and the complex conjugate of the electric
potential and the vector potential are denoted, respectively, as / and
Ak. The extremalization of the functional with any variation of /
 and
Ak is equivalent to the linearized Poisson and Ampe`re equations. One
important property of L is that it vanishes when / and Ak match the
solution of Maxwell equations. It turns out that the Hamiltonian for-
mulation is not the most suitable one to get close to the traditional
resistive MHD formulation. Indeed, one would like to involve the par-
allel electric field rather than a perturbed Hamiltonian h^nx. This is
done via the following transformation:
h^nx
e
¼ x kkvk  xd
x
/^ þ xd
x
/^  vkE^ k; (5)
where E^ k ¼ A^k  kkx /^ is proportional to the parallel electric field.
Replacing the expression of the perturbed current in the functional, we
obtain the following expression:
L ¼  1
l0
ð
d3xjr?A^kj2
þ
ð
ds
FMe2
Ti;eq
x xi
x
1 J 2ð Þj/^j2
þ
X
species
ð
ds
FMe2
Teq
xxd
x2
jJ /^j2 þ
X
species
Lres; (6)
where
Lres ¼ e
ð
dsg^ nxJ
xd
x
/^  vkE^ k
	 

; (7)
where ds ¼ d3xd3p is the volume element in the ballooning phase
space. The first term represents the magnetic energy, and gives rise to
the field part of the Ampe`re equation. The second term is the polariza-
tion term (including diamagnetic corrections): it results from both ion
and electron contributions. The third term is the interchange drive
responsible for the ballooning instability. The last term is associated
with the resonant response of ions and electrons. The latter is of par-
ticular interest. Ions are considered collisionless and the ion resonant
contribution is neglected. An electron–ion pitch-angle scattering colli-
sion operator is used in Eq. (2),
Cðg^ nxÞ ¼
1
2
eiðvÞ @
@n
1 n2
  @g^ nx
@n
; (8)
where eiðvÞ is the electron–ion collisional frequency and n ¼ vkv is the
pitch-angle variable (which varies between –1 and 1 and v the velocity
modulus). It is then convenient to expand the perturbed distribution
function over a basis of Legendre polynomials restricted to the first
two components. Then, the distribution function becomes a solution
of a differential equation that is solved using a WKB approximation.34
More details about this calculation are given in Ref. 33. Equation (6) is
the exact solution of the problem including electric potential, magnetic
drift, interchange effect, and collisions. This solution is not tractable.
To simplify it, an effective curvature magnetic drift is employed in the
following.
A. Effect of magnetic drift
1. Asymptotic matching in ballooning space
In this part, we focus on the magnetic drift and neglect the elec-
tric potential. Outside the resistive layer (currentless region), Ak decays
as Akð0Þejkhxj, where x is the radial distance to the resonant surface of
the mode. Note that the slab current sheet is very thin and localized
around the resonant surface
dJ ¼ LsLTe qe
ffiffiffiffiffiffi
ei
x
r
 1
kh
; (9)
where Ls is magnetic shear length Ls ¼ qR=^s; LTe is the electron tem-
perature gradient length scale, and qe is the electron Larmor radius.
Inside the layer where a current develops, Ak is assumed to vary slowly
consistently with a “constant Ak” approximation (Ak is constant in the
current layer).36 The matching of the internal and external solutions in
physical space is presented in Refs. 33 and 36. Here, the same proce-
dure is translated in the ballooning space. The external mode away
from the resistive layer in physical space becomes a localized solution,
near g¼ 0 in ballooning space
A^kðgÞ ¼ l0
J^ kð0Þ
1þ s20g2
 
k2h
¼ A^kð0Þ 11þ s20g2
; (10)
where r2?A^kðgÞ is replaced by k2?A^kðgÞ ¼ k2h½1þ s20ðg gkÞ2 in the
Ampe`re equation. Equation (10) yields a localization of Ak around g
¼ 0 (low field side midplane) comparable to that obtained in the simu-
lations, see Fig. 4. Then, the internal solution A^kðxÞ which is constant
in the physical space becomes a function A^kðgÞ in the ballooning
space. Note that, for circular flux surfaces and small aspect ratio
 ¼ r=R 1, with r and R being the minor and major radius of the
surface, respectively, the coordinate along the magnetic field lines used
in GKW becomes s¼ g/2p.38 This asymptotic matching gives the new
following expression of the functional:
L ¼ Lmag þ Lres; (11)
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where
Lmag ¼  1l0
ðþ1
1
dg
2p
k2h 1þ s20g2
 jA^kðgÞj2 (12)
and Lres is given by Eq. (7) with E^ k ¼ A^k, when the electric potential
is neglected. We restrict the analysis to a zero ballooning angle gk ¼ 0,
localized mode. Plugging Eq. (10) into the functional Lmag provides
the following form of Lmag :
Lmag ¼  2jkhjl0jdj
jAkð0Þj2; (13)
where d is the distance between resonant surfaces. All calculations
done, the resonant term becomes
Lres ¼ i pffiffi
3
p qR0jAkð0Þj2

ðþ1
0
dv4pv3
FMe2
Teq
x x
1þ i eiðvÞ
x xdðv; 0Þ
	 
1=2 : (14)
Hence, the total functional L ¼ Lmag þ Lres becomes
L ¼  2jkhj
l0jdj
jAkð0Þj2 þ i pffiffi
3
p qR0jAkð0Þj2

ðþ1
0
dv4pv3
FMe2
Teq
x x
1þ i eiðvÞ
x xdðv; 0Þ
	 
1=2 ; (15)
wherexdðv; gÞ ¼ xdðv; 0Þ.
2. Effect of magnetic drift onmicrotearing mode
stability
Starting from Eq. (15), a dispersion relation including the mag-
netic drift and collisions is formulated. It is convenient to normalize
all frequencies to the electron temperature diamagnetic frequency
xTe ¼ khTe;eqeB0LTe and all velocities are normalized to the electron thermal
velocity vTe ¼
ffiffiffiffiffiffiffiffi
2Te;eq
me
q
. Hence, X ¼ xxTe, Xdðv; gÞ ¼
xdðv;gÞ
xTe
, X ¼ xxTe
and  ei ¼ ei;thxTe , where ei;th is the thermal collision frequency. The con-
dition L ¼ 0 then reads
1
b^
¼ 8i
ffiffiffi
p
3
r ðþ1
0
dnn
9
2en
2 X XðnÞ
n3 þ i  ei
X Xdn2
 1=2 ; (16)
where b^ ¼ 2l0NeqTe;eqB2 q0R0s0LTe 1khqe, qe ¼
mevTe
eB0
, XðnÞ ¼ 1ge þ n
2  32, ge ¼ LneLTe
and Xd ¼ LTeR0 43. In the absence of magnetic drift Xd ¼ 0, the previous
result obtained for a slab collisional tearing mode is qualitatively recov-
ered.32 The magnetic drift is found to be destabilizing, but only in con-
junction with a finite collisionality.33 The use of an effective magnetic
drift is somewhat justified by the localization of the mode around the
low-field-side midplane, Fig. 4. A comparison between the analytical
calculation Eq. (16) and numerical simulations will be presented in
Sec. III. The logical next step to understand the MTM destabilization
mechanisms is to add the electric potential in the calculation.
B. Effect of the electric potential on MTM
destabilization
We now go back to the full electromagnetic problem. In the
reduced model, the Fokker–Planck equation is averaged over the
cyclotronic motion (gyroaverage). J is the gyroaverage operator
which is defined as the Fourier transform of the Bessel function of
zeroth order. For k?qi  1, the Bessel function is approximated and
replaced by 1 J 2 ¼ 12 k2?q2i for ions and by 1 for electrons,
qe
qi
¼
ffiffiffiffi
me
mi
q
 1. In the resistive layer, k? ’ kr ’ 1=de; k? and kr are
the perpendicular and radial wave number and deqi ¼
qe
qi
Ls
LTe
is the colli-
sionless layer width. The KRMHD model is valid for the following
condition, de  qi. In the opposite limit (k?qi ! þ1), this approxi-
mation is not valid. Let us start from Eq. (6). The ion polarization
functional then becomes
ð
ds
FMe2
Ti;eq
X Xi
X
1 J 2ð Þj/^j2 ¼
ð
d3x
Neqmi
B20
X Xpi
X
jr?/^j2;
(17)
where Xpi ¼
xpi
xTe
with xpi ¼  khTi;eqepB0Lpi, Lpi is the ion pressure gradient
length. The final form of the functional then becomes
L ¼  1
l0
ð
d3xjr?A^kj2 þ
ð
d3x
Neqmi
B20
X Xpi
X
jr?/^j2
þ
X
species
ð
d3x
Neqmi
B20
XXd
X2
jJ /^j2 þ Lres: (18)
The complex form of the functional Eq. (18) can be simplified by
assuming as in Sec. IIA an effective magnetic drift
Lres ¼ 1l0d2e
ð1
1
dx
jdjrðxÞ
A^k  kkx /^

2
; (19)
where d2e ¼ cxpe is the electron skin depth (x2pe ¼ Neqe2=me0, xpe is
the electron plasma frequency). The dimensionless “conductivity” r is
defined as
rðqÞ ¼  2
3
ðþ1
0
dfFMf
2 X XðfÞ
X Xdf2 þ i ^ei
f3
 1
3
q2f2
X Xdf2
; (20)
where Xd is an effective magnetic frequency calculated at g ¼ 0 and
q ¼ x=de is the radial coordinate. The extremalization of the func-
tional in the physical space provides a set of two equations
r2?w^ þ brðq; fÞ w^ 
q
X
/^
	 

¼ 0; (21)
r2?/^ þ le
q
X
rðq; fÞ w^  q
X
/^
	 

 Cint/^ ¼ 0; (22)
where w^ ¼ vtheA^k and
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leðXÞ ¼
me
mi
L2s
L2Te
1
1
X
1
ge
þ 1
	 

þ 1
and b ¼ Ls
LTe
	 
2
be: (23)
The quantities (b;le) are defined to have compact equations. Cint is a
coefficient associated with the interchange term
Cint ¼
1þ 1
ge
	 

1þ 1
X
1þ 1
ge
	 
 1
X2
Ls
LT
	 
2 me
mi
2LT
R
: (24)
This system is nothing else than the equations of reduced MHD
where the Spitzer37 conductivity is replaced by the kinetic conductivity
rðq; fÞ.29 We call it the kinetic reduced MHD model (KRMHD). To
solve Eqs. (21) and (22), this system of equations is written in a matrix
form. Using finite differences, A^k is assuming to decay at large jxj as
A^k  expðjkhjjxjÞ. The matching with the external solution is rep-
resented by the D0 parameter, which defined for a microtearing mode
by D0 ¼ 2jkhj. The asymptotic matching allows fixing the boundary
conditions. When x¼ 0, the boundary conditions are dA^kdx jx¼0 ¼ 0 and
/^ð0Þ ¼ 0. When jxj ! þ1, the conditions are j/^j ! 0 and
jA^kj ! expðjkhjjxjÞ. Equations (21) and (22) are solved far away
from the current layer. These equations are then implemented in an
eigenvalue code, called Solve_AP. The results obtained from Solve_AP
are directly compared with gyrokinetic simulations using a version of
GKW close to the theoretical model. A reasonable agreement is
observed in the long wavelength limit, de  qi. Fixing relevant physi-
cal parameters (Table I) to be in this limit, we seek the growth rate and
the frequency of the mode solution of this system of equations. This
comparison is presented in Sec. III.
III. NUMERICAL INVESTIGATION OF THE STABILITY
OF MTMs
All the results presented in this part use the local version of
GKW. The gyrokinetic Fokker–Planck equation of the perturbed dis-
tribution function f^ gy is solved in the electromagnetic case with a per-
turbed electric potential /^ and a perturbed vector potential A^k in
the flux-tube approximation. To be closer to the assumption of the
analytical calculation of Sec. II, a linearized collision operator with
pitch-angle scattering only is used. Nonlinearities, particle trapping,
neoclassical transport, and magnetic field compression are switched
off. The gyrokinetic equation solved in this section can be written in
the form
@g
@t
¼ I þ II þ V þ VII þ VIII; (25)
where
I ¼ vkb:rf^ gy; (25.1)
II ¼ vd:rf^ gy; (25.2)
V ¼ vv:rFM ; (25.3)
VII ¼ Ze
T
vk:rJ/FM; (25.4)
VIII ¼ Ze
T
vd:rJ/FM: (25.5)
The notations of these terms follow the notations used in the GKW
user guide.38 I is the free streaming motion along the field line, II is the
magnetic drift in the perturbed distribution function, V is the per-
turbed drift into the background distribution, VII is the parallel
Landau damping term, and VIII is the perpendicular Landau damp-
ing. In the terms written above, vkb is the parallel motion along the
unperturbed field, vd is the drift motion due to the inhomogeneous
field, and vv is a combination of the perturbed E B velocity
(vE ¼ brJ/=B) and the parallel motion along the perturbed
field line (vdB ¼ brvkJAk=BÞ then vv ¼ vE þ vdB. FM is a
Maxwellian and g^ gy ¼ f^ gy þ ZeT vk:rJAkFM . The relevant physical
parameters used in the simulations are presented in Table II. MTMs
are sensitive to b (the ratio of plasma kinetic to magnetic pressure)
and to the electron temperature gradient R/LTe.
9,10,32 Their values are
chosen to have a sufficiently high MTM growth rate at high collision-
ality. As explained in the introduction, the numerical study of MTM is
challenging. MTMs are localized around the resonant surface. The
current sheet is very thin, which implies having a high numerical reso-
lution and a weak numerical dissipation, in particular at low collision-
ality. At low collision frequency, the artificial numerical dissipation
implemented in the code to ensure the stability of the numerical
schemes can play the role of collisions leading to a destabilization of
MTMs in this regime.
The numerical resolution used for the numerical simulations is
presented in Table III. The number of points per poloidal turns Ns
and the number of poloidal turns Npol (an equivalently connected
radial modes) have been adjusted to enable an accurate description of
the mode. Note that for ITG modes, Ns ¼ 24 and Npol ¼ 5 is usually
sufficient. Nl is the number of magnetic moment grid points and Nvk
is the number of parallel velocity grid points.
IV. NUMERICAL INVESTIGATION OF THE ROLE PLAYED
BY THE ELECTRIC POTENTIAL ANDMAGNETIC DRIFT
A. Destabilization mechanisms of MTMs
The role played by the electric potential and the magnetic drift is
investigated numerically. The electric potential and magnetic drift are
switched on step by step in the GKW to better understand their role in
the MTM destabilization.
Figure 1 illustrates the role played by the magnetic drift and the
electric potential. Without electric potential and without magnetic drift
TABLE I. Relevant input parameters used for the KRMHD model and the linear sim-
ulations with GKW.
q s bð%Þ R/LTe R/LTi R/Lne  khqi
2.2 0.3 0.9 10 0 0.26 0.22 0.3
TABLE II. Relevant input parameters used for the theoretical calculations and the lin-
ear simulations with GKW.
q s b(%) R/LTe R/LTi R/Lne  khqi
1.34 1.08 1.55 8 0 0.26 0.22 0.3
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(black square), it appears that MTMs are stable at both low and high
collisionality. For intermediate collisionality, typical of value in the
pedestal region, MTMs are unstable, destabilized by the electron tem-
perature gradient. A fair agreement between analytical calculation and
numerical simulations was found, details can be found in Ref. 32. The
magnetic drift is then added in the code (green plus sign curve).
Without the electric potential, the magnetic drift destabilizes MTMs in
the intermediate collisionality. The role played by the electric potential
is now investigated. The electric potential has been added in GKW
and the magnetic drift has been switched on or off (the blue triangle
and the red cross curve in Fig. 1, respectively. It appears, without mag-
netic drift and with electric potential, another branch with opposite
parity appears at high collisionality (purple triangle). These modes are
giant electron tails.39 The growth rate definitely vanishes at low colli-
sionality, as shown in Fig. 1 whereas the growth rate of MTMs
increases then rolls over, and decreases in the strong collisional regime.
Finally, with magnetic drift and the electric potential (red cross)
MTMs are more unstable but still stabilized at very low electron–ion
collisions. For this set of parameters (Table II), the electric potential
and magnetic drift destabilize MTMs in the intermediate collisionality.
Hence, the present study does not find unstable MTMs at vanish-
ing, at first sight, collisionalities. At first sight, this is at odds with Refs.
28 and 35 which show that MTMs can be unstable in the collisionless
regime, presumably due to the magnetic drift. One possible explana-
tion could be a destabilizing effect of trapped electrons not included in
this work. Therefore, we have investigated the role played by trapped
particles. It appears indeed that trapped particles play a significant role
in the MTM stability. For the set of parameters as stated in Table II,
the effect of trapped particles is added in the GKW code. The follow-
ing term is added in Eq. (25):
IV ¼ þ b
m
:ðlrBþrnXÞ
@f
@vk
: (26)
Term IV 26 calculates the mirror trapping terms. Results are shown in
Fig. 2. At intermediate collisionality 103 < GKWei < 10
2, trapped
particles destabilize MTMs, whereas at higher collisionality GKWei
> 102 the growth rates of MTMs get smaller. At low collisionality,
GKWei < 10
3, it turns out that the most unstable modes are trapped
electron modes (TEM) (see blue square curve in Fig. 2). It is must be
stressed at this point that that GKW provides the most unstable mode,
since it is an initial value code. This means that there is no way to con-
clude about the existence (or not) of a trapped particle driven MTM at
vanishing collisionality. The aim of the paper is to understand the
effect of magnetic drift and electric potential for MTMs driven by
passing particles. The effect of the trapped particles is switched off in
GKW and neglected in the analytical calculation.
In the next part, a comparison between the analytical model, con-
sidering only the effect of magnetic drift [Eq. (16)], with GKW simula-
tion is presented.
B. MTMs destabilized by the magnetic drift
Using the set of parameters in Table II and the numerical resolu-
tion in Table III, a comparison between Eq. (16) and numerical simula-
tions has been done. Figure 3 shows the numerical and analytical growth
rate of MTMs as a function of the electron–ion collisionality frequency,
GKWei . To compare the mode frequency and growth rate of MTMs with
GKW simulations, the theoretical collision frequency, ^ ei, has been nor-
malized using GKW normalization: GKWei ¼ ^ ei khqi2
ffiffiffiffi
me
mi
q
R
LTe
.
In Fig. 3, it appears that MTMs are stable at both low and high
collision frequency. At intermediate collisionality GKWei R=vthi  102
101, typical of the pedestal region, MTMs are destabilized.
Analytical and simulations results agree fairly well in the low collision-
ality limit. However, they depart when the collision frequency
increases. Numerical results remain unchanged when the resolution in
GKW is increased. Also the numerical dissipation was lowered until
FIG. 1. Growth rate of the microtearing mode as function of the electron–ion colli-
sion frequency. Different cases have been studied to better understand the role
played by the magnetic drift and the electric potential. First case, without electric
potential and without magnetic drift (black square), second case without electric
potential and with magnetic drift (green plus sign), third case with electric potential
and without magnetic drift (blue triangle), and the last case with both electric poten-
tial and magnetic drift (red cross).
FIG. 2. Growth rate of the microtearing mode as function of the electron–ion colli-
sion frequency. Different cases have been studied to better understand the role
played by the trapped particles. The red cross curve is the same curve presented
in Fig. 1, the electric potential and magnetic drift are considered whereas the
trapped particles are neglected. The effect of trapped particles is added in the
GKW code, blue and green square curves.
TABLE III. Numerical resolution using in gyrokinetic simulations.
Nl Nvk Ns Npol
16 60 79 99
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convergence was reached, since velocity dependent numerical dissipa-
tion may artificially trigger MTMs. An exact value of the pulsation can
be derived in the collisionless limit from the dispersion relation Eq.
(16), namely,
Xr ¼ 1ge
þ 1
2
: (27)
This value agrees well with the numerical result Fig. 3(b) when
GKWei ! 0, keeping in mind that all frequencies are normalized to
vthi/R (GKW convention) so that xGKWr ¼ xTheoryr x

TeR
vthi
¼ 1:2xTheoryr .
Hence, the value of the pulsation, xtheoryr ðvthi=RÞ ¼ 0:69 [in Fig. 3(b)]
at GKWei ¼ 103 becomes xtheoryr ¼ 0:57 when normalized to xTe, i.e.,
quite close to 1/ge þ 1/2¼ 0.533. At the same collisionality,
xGKWr ðvthi=RÞ ¼ 0:8 becomes xGKWr ¼ 0:66 when normalized to xTe.
Note also that, numerically with the GKW code, this asymptotic value
cannot be tested at lower collisionality than GKWei < 10
3, since the
nature of the least stable mode changes (interchange parity), below
this value, see the blue point in Fig. 3(b). Surprisingly, the agreement
between numerical and analytical values of the growth rate remains
quite good when increasing the collision frequency up to
GKWei  3 102 while the difference in the pulsation increases nota-
bly. Both c andxr differ from theoretical values at collisionality higher
than GKWei < 2 102. At high collisionality, the current sheet width
becomes wider, and the “constant w” approximation is debatable.11
The main result here is that the magnetic drift plays an important
destabilizing role but only in conjecture with a finite collisionality. The
fair agreement between the linear theory and GKW simulations and
the structure of the mode presented in Fig. 4 legitimates a posteriori
the use of an effective magnetic drift in the electromagnetic model.
C. Structure of microtearing modes
In the GKW31 code, MTMs are clearly identified by their eigen-
functions. Numerical simulations show that the perturbed electric
potential /^ is odd and extended along the magnetic field lines whereas
the vector potential A^k is even and more localized around the low field
side midplane. This agrees with the classical theory of tearing/micro-
tearing mode. Figure 4 shows the real (blue curve) and imaginary (red
curve) parts of the eigenfunctions for linear simulations. The black
curve represents the real part of the mode found analytically using the
set of parameters given in Table II. In Fig. 4(a), the blue and black
curves represent the real part of the vector potential A^kðsÞ along the
FIG. 3. (a) Green plus sign and pink star points represent the analytical and numerical linear growth rates of microtearing modes as a function of electron–ion collision fre-
quency GKWei for the set of parameters presented in Table II and the blue point is the analytical linear growth rates of interchange parity mode. (b): Green plus sign and pink
star points represent the analytical and numerical real frequency of microtearing modes and the blue point is the analytical real frequency of the interchange parity mode.
FIG. 4. Real and imaginary parts of the
numerical eigenfunction of a MTM at
GKWei ðvthi=Rref Þ ¼ 0:016 using the set
of parameters given in Table II. (a): vector
potential A^kðsÞ along the magnetic field
line in the ballooning space. (b): radial
structure of the vector potential AkðxÞ in
real space. Dashed lines indicate resonant
surfaces.
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magnetic field line. A^kðsÞ is even and localized around the resonant
surface. The radial structure expected by the theory [Eq. (10)] is recov-
ered numerically: A^kðgÞ ¼ A^kð0Þ 11þs20g2. The localization of the vector
potential near g ¼ 0 a posteriori justifies the use of an effective mag-
netic drift in the analytical calculation. Moreover, in the radial direc-
tion, away from the current layer Ak decays as Akð0Þejkhxj [Fig. 4(b)].
D. Electric potential andmagnetic drifts destabilize
MTMs in conjunction with collisions
Now, the full electromagnetic calculation is directly compared
with GKW simulations. Figure 5 shows the real and the imaginary
part of the electric potential along the magnetic field and in the radial
direction.
/^ is odd and extended along the magnetic field lines and local-
ized around the resonant surface. In Fig. 6, the linear growth rate of
MTMs obtained from the eigenvalue code that solves KRMHD equa-
tions is compared with the numerical simulations using GKW. A rea-
sonable agreement between Solve_AP and the GKW simulations is
found. The main result is MTMs are only destabilized in the presence
of collisions. The magnetic drift and the electric potential play an
important role in the MTM destabilization that in the local limit and
neglecting trapped particles. There is a fair agreement between
Solve_AP and numerical simulations despite the approximations done,
i.e., w-constant in the current layer and the use of an effective curva-
ture in the KRMHDmodel.
V. CONCLUSION
In conclusion, a kinetic dispersion relation of microtearing
modes has been developed to model the current sheet including the
electric potential, magnetic drift, and collisions. It has been compared
directly with numerical simulations using the gyrokinetic code GKW.
Electric potential and magnetic drift play an important role in MTM
destabilization. The localization of the vector potential in the balloon-
ing space allows using an effective curvature. Step by step the magnetic
drift and electric potential are included in the kinetic reduced MHD
model and compared with GKW simulations. An analytical dispersion
relation including only the magnetic drift is formulated. A fair agree-
ment between the analytical model and GKW simulations is observed.
It appears that the magnetic drift can destabilize MTMs only in con-
junction with a finite collisionality. Then, the electric potential is added
and a reasonable agreement between the numerical simulations and a
FIG. 5. Real and imaginary parts of the
numerical electric potential eigenfunction
of a MTM at GKWei ðvthi=Rref Þ ¼ 0:016
using the set of parameters given in Table
II. (a): electric potential /^ along the mag-
netic field line in the ballooning space. (b):
radial structure of the electric potential
/^ðxÞ in the real space. Dashed lines indi-
cate resonant surfaces.
FIG. 6. Comparison between linear analytical growth rate (a) and frequency (b) of MTMs with the GKW growth rate of these modes as a function of the electron–ion frequency
using the set of parameters presented in Table I.
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reduced kinetic MHD model is found. The main result is that MTMs
are destabilized by the electric potential and magnetic drift only in
conjecture with a finite collisionality. Then, we have compared the
radial structure of the vector potential assumed by the theory in real
and ballooning space with that obtained from numerical simulations.
We have found a good qualitative agreement between the two struc-
tures. It is very important to stress that the study of the stability of
microtearing especially at low collisionality requires a very high resolu-
tion to describe correctly the current sheet. The purpose of the future
work is to improve the kinetic reduced MHD model by taking into
account the physics of the trapped particles to understand their role in
the MTM destabilization.
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Abstract. A kinetic model addressing the destabilization of a current sheet by a microtearing
mode is presented. For the first time, the magnetic drift, the electric potential fluctuation and
collisions have been included together. As in reduced MHD, the evaluation of the current inside
the resistive layer is obtained from a system of two equations linking the vector potential and
the electric potential. When the electric field is neglected and using an effective magnetic drift,
the magnetic drift is found to be destabilizing when combined with collisions. When both the
electric potential and magnetic drift are kept, no analytical tractable solution has been found.
1. Introduction
In H-mode plasmas, the modelling of the pedestal dynamics is an important issue to predict
temperature and density profiles in the tokamak edge and therefore in the core. The ”EPED”
model, based on the stability of large and small scales MagnetoHydroDynamic (MHD) modes,
is most commonly used to characterize the pedestal region. The EPED model has been quite
successful until now [1]. However some recent analysis of JET plasmas [2] suggests that another
class of instabilities, called microtearing modes (MTM) may be responsible for electron heat
transport, in particular in the pedestal, and thereby play some role in determining the pedestal
characteristics. MTMs belong to a class of instabilities where a modification of the magnetic field
line topology is induced at the ion Larmor radius scale. This leads to the formation of magnetic
islands, which can enhance the electron heat transport [3, 4, 5]. MTMs have been predicted
to be unstable in modern tokamaks [2, 6, 7, 8] and other magnetic confinement devices [9, 10].
Although the stability of MTMs has been theoretically studied in the past [11, 12, 13, 14], the
destabilization mechanism at play in the pedestal region is not yet well understood owing to the
number of parameters possibly involved (electron temperature gradient, magnetic field curvature,
magnetic shear, ...). This lack of understanding leads to an apparent disagreement between the
linear analytical theory and gyrokinetic simulations. Indeed, past linear theories show that a
slab current sheet is stable in the collisionless regime [11, 12] whereas, in the same regime, recent
gyrokinetic simulations in toroidal geometry found unstable MTMs [8, 7, 10]. In [15], using a
kinetic approach, we have presented a linear dispersion relation of a slab collisional microtearing
mode destabilized by the electron temperature gradient only, neglecting the magnetic drift and
the electric potential fluctuations. This theoretical linear result has been successfully compared
to numerical simulations of a ”simple” microtearing mode model using the gyrokinetic code
GKW [16]. However, the effects of the magnetic drift and the electric potential on the collisional
microtearing mode destabilization mechanism still need to be understood. We present here a
21234567890 ‘’“”
Varenna2018 IOP Publishing
IOP Conf. Series: Journal of Physics: Conf. Series 1125 (2018) 012012  doi :10.1088/1742-6596/1125/1/012012
new derivation of a current sheet model including the electric potential fluctuations and the
magnetic drift in a kinetic framework.
The paper is organized as follows. In Section 2, we derive a full current sheet model by solving
the Maxwell equations. The Fokker Planck equation, required to evaluate the current inside the
resistive layer, is solved in the ballooning representation including the magnetic drift velocity.
An expression for the current inside the resistive layer is found in a variational form. In Section
3, to validate the new calculation, we neglect the magnetic drift and the electric potential and
compare the new dispersion relation to the linear calculations presented in [15]. In Section 4,
we focus on the magnetic drift effect. In order to simplify the calculations, an effective magnetic
drift is used. The main results of the paper are summarized in the last section.
2. Model description
To better understand the linear mechanisms at play in the MTM destabilization and how MTMs
affect electron heat transport, a new analytical calculation including collisions, electromagnetic
effects and the magnetic drift velocity has been formulated. In this model, the stability of a
current sheet in the vicinity of a resonant surface is investigated in a kinetic framework. The
evaluation of the current in the current sheet is obtained by solving the Maxwell equations,
which are written in a variational form:
L = − 1
μ0
∫
d3x
∣∣∣∇⊥A‖∣∣∣2 + ∫ d3x(J‖A∗‖ − ρφ∗) (1)
where φ∗ and A∗‖ are the complex conjugate of the electric potential and the vector potential,
respectively and ρ is the charge density. The extremalisation of the functional with any variation
of φ∗ and A∗‖ is equivalent to the linearized electro-neutrality and Ampe`re equations. One
important property of L is that it vanishes when φ and A‖ match the solution of Maxwell
equations. In this linear model a simple geometry of circular concentric magnetic surfaces is
considered, where r is the minus radius, ϕ the toroidal angle and θ the poloidal angle. To study
the electrons dynamics including the magnetic drift, the ballooning representation appears as
the appropriate tool. Indeed, from linear gyrokinetic simulations presented in [15], the mode
structure is observed to be strongly peaked at the low field side mid-plane. The system of
equations is solved in the ”ballooning” space [17] using the field aligned coordinates (r, α, η).
Here, α = ϕ − q(r)θ is a transverse coordinate and η = θ plays the role of a coordinate along
the unperturbed field lines. Any perturbed field, for instance the vector potential A‖, at given
toroidal wave number n and complex frequency ω, is written:
A‖(r, α, η, t) =
∞∑
p=−∞
Aˆ‖(η + 2pπ) exp {inα+ inq(r) (ηk − 2pπ)− iωt}+ c.c. (2)
where ηk is the ballooning angle. The perturbed current J‖ in the current layer can be
calculated analytically including collisions, electromagnetic effects, the magnetic drift velocity
and using a constant A‖ approximation [18] (A‖ is constant in the current layer). The starting
point is to determine the current in the parallel direction J‖ =
∑
species
e
∫
d3vfnωv‖ using the
Fokker-Planck equations for each charged species. The distribution function fnω for each
species at given nω is split in an unperturbed part Feq taken as an unshifted Maxwellian of
temperature Teq, and a perturbed part fˆnω
(
η, v‖, μ
)
, where v‖ is the parallel velocity and μ
the magnetic moment. The perturbed distribution function fˆnω is itself written as the sum
of an adiabatic part and a resonant part fˆnω = −Feq hˆnωTeq + g¯nω, where hˆnω = e
(
φˆ− v‖Aˆ‖
)
is
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the perturbed Hamiltonian, φˆ(η) and Aˆ‖(η) are the n, ω Fourier components of the electric and
vector potentials, e the algebraic charge and g¯nω is solution of the following kinetic equation:(
ω − k‖v‖ − ωd
)
g¯nω =
Feq
Teq
(ω − ω∗)J hˆnω + iC(g¯nω) (3)
where J is the gyro-average operator, C is a linearized Fokker-Planck operator (pitch-angle
scattering only), ω∗ = ω∗T (
1
ηe
+ ζ2 − 32) is the kinetic diamagnetic frequency with ζ = v/vThe
and ω∗T =
kθρi
2
√
me
mi
vThe
R
R
LTe
where vThe =
√
2Te/me is the electron thermal velocity and
ηe = Lne/LTe is the ratio of the electron density scale length Lne to the electron temperature
scale length LTe (all gradients are calculated at the reference magnetic surface r = r0). The
electron and ion mass and temperature are noted me, mi, Te and Ti, respectively. ρi =
miv⊥
eB0
is
the ion Larmor radius and R is the major radius.
In the ballooning representation, k‖ must be understood as an operator −i 1q0R0 ∂∂η . The
magnetic drift frequency is defined as ωd =
nq0
r0
mv2‖+μB0
eB0R0
(cos η + s0(η − ηk) sin η) where ηk is the
ballooning angle and s0 =
rdq
qdr
∣∣∣
r=r0
the magnetic shear at the reference resonant surface. The
functional Eq. (1) can be written indifferently in the physical space or in the ballooning space.
Note that in ballooning representation |∇⊥|2 should be replaced by k2⊥ = k2θ
[
1 + s20(η − ηk)2
]
,
where kθ = −nq0r0 is the reference poloidal wave number.
Finally, the functional can be written as:
L = − 1
μ0
∫
d3x
∣∣∣∇⊥Aˆ‖∣∣∣2 + ∑
species
∫
d3x
Neqe
2
Teq
∣∣∣φˆ∣∣∣2 − ∑
species
∫
dτ g¯nωhˆ
∗
nω (4)
where dτ = d3xd3p is the volume element in phase space. It turns out that the Hamiltonian
formulation is not the most suitable one to get close to the traditional resistive MHD formulation.
Indeed one would like to manipulate the parallel electric field rather than a perturbed
Hamiltonian hˆnω. This is done via the following transformation
hˆnω
e
=
ω − k‖v‖ − ωd
ω
φˆ+
ωd
ω
φˆ− v‖Eˆ‖ (5)
where Eˆ‖ = Aˆ‖− k‖ω φˆ is proportional to the parallel electric field. It is then convenient to replace
the distribution function g¯nω by gˆnω = g¯nω − FeqTeq eω−ω
∗
ω J φˆ . The new distribution function is
solution of (
ω − k‖v‖ − ωd
)
gˆnω − iC(gˆnω) = eFeq
Teq
(ω − ω∗)J
(
ωd
ω
φˆ− v‖Eˆ‖
)
(6)
The functional becomes
L = − 1
μ0
∫
d3x
∣∣∣∇⊥Aˆ‖∣∣∣2 + ∫ dτ Feqe2Ti,eq ω − ω
∗
i
ω
(
1− J 2
) ∣∣∣φˆ∣∣∣2
+
∑
species
∫
dτ
Feqe
2
Teq
ω∗ωd
ω2
∣∣∣J φˆ∣∣∣2 + ∑
species
Lres
where
Lres = −e
∫
dτ gˆnωJ
(
ωd
ω
φˆ− v‖Eˆ‖
)∗
(7)
Eq. (7) can be understood as follows. The first term is the magnetic energy, and gives rise to
the field part of the Ampe`re equation. The second term is the polarization term (including
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diamagnetic corrections): it results from both ion and electron contributions. The third term
is the interchange drive. The last term is associated with the resonant response of ions and
electrons. It is the one we are interested in. Contrary to electrons, ions can be considered as
collisionless. The ion resonant contribution can be neglected. To determine the electron resonant
response a simplified collision operator is used, i.e. an electron-ion pitch-angle scattering collision
operator:
C(gˆnω) = 1
2
νei(v)
∂
∂ξ
(
1− ξ2
) ∂gˆnω
∂ξ
(8)
where νei(v) is the electron-ion collisional frequency and ξ =
v‖
v is the pitch-angle variable
(which varies between −1 and 1), and v the velocity modulus. It is natural to choose (v, ξ) as
new velocity variables, the volume integration being dτ = d3x2πv2dvdξ. It is then convenient
to expand gˆnω(η, ξ, v) over a basis of Legendre polynomials P`(ξ).
gˆnω(η, ξ, v) =
+∞∑
`=0
gˆnω`(η, v)P`(ξ) (9)
Indeed Legendre polynomials are eigenfunctions of the collision operator : C(P`) = −`(`+1)νeiP`.
One has P0(ξ) = 1, P1(ξ) = ξ, and all other polynomials can be calculated via the recurrence
(`+ 1)P`+1 = (2`+ 1)ξP` − `P`−1. We restrict the calculation to the two first components gˆnω0
and gˆnω1. The closure 2P2 = 3ξP1−P0 is determined using the recurrence formula. The electron
gyro-average operator can be set to one because of the small electron gyroradius, and we ignore
in the following the second-order compressional term ωdω φ, this term tends to be small. The
projections onto the 2 first polynomials give the following relations
(ω − ωd) gˆnω0 − 1
3
k‖vgˆnω1 = 0 (10)
(ω − ωd + iνei) gˆnω1 − k‖vgˆnω0 = −e
Feq
Teq
(ω − ω∗) vEˆ‖ (11)
To make the calculation tractable, the dependence of ωd on ξ is ignored, i.e. ωd =
nq0
r0
2
3
mv2
eB0R0
(cos η + s0(η − ηk) sin η), corresponding to ξ2 = 1/3, is assumed. Note that as the
magnetic drift frequency depends on η, Eqs(10, 11) are two coupled differential equations in η.
It is convenient to introduce a new variable η¯(v, η), instead of η, and defined by the differential
equation
dη¯
dη
=
√
3qR0
v
(ω − ωd(v, η)) (12)
which is invertible as long as the root η0(v) of the equation ω = ωd(v, η0) is larger than the mode
width in η. We choose by convention η¯ = 0 when η = 0. All functions can then be expressed as
functions of η¯ in place of η. We also introduce the functions λ(v, η¯) =
(
1 + i νei(v)ω−ωd(v,η¯)
)1/2
and
Q(v, η¯) =
Feq
Teq
ω−ω∗
ω−ωd(v,η¯)v. The square root is chosen such that the imaginary part of λ is positive.
The function gˆnω1(v, η¯) is then solution of the differential equation
∂2gˆnω1
∂η¯2
+ λ2gˆnω1 = −QeEˆ‖ (13)
while gnω0 = −i 1√3
∂gˆnω1
∂η¯ . We note that only gˆnω1 is needed since the resonant functional can be
expressed as
Lres = e
∫
dτ gˆnω1
v
3
Eˆ∗‖ (14)
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where the volume element in the ballooning space is dτ = dη2π4πv
2dv. Let us introduce the
function Λ(v, η¯) =
∫ η¯
0 dη¯
′λ(v, η¯′). If 1Λ
∂Λ
∂η¯  1gˆnω1
∂gˆnω1
∂η¯ (WKB approximation [19]), then e
±iΛ are
solutions of the homogeneous equation, and a formal solution of Eq. (13) is
gˆnω1 = −e
∫ η¯
−∞
dη¯′
2iλ(v, η¯′)
exp
{
i
[
Λ(v, η¯)− Λ(v, η¯′)]}Q(v, η¯′)Eˆ‖(η¯′)
+ e
∫ η¯
+∞
dη¯′
2iλ(v, η¯′)
exp
{
i
[
Λ(v, η¯′)− Λ(v, η¯)]}Q(v, η¯′)Eˆ‖(η¯′) (15)
The WKB approximation is justified in the weakly collisional regime and when ω  ωd, so that
the variations λ(v, η¯) =
(
1 + i νei(v)ω−ωd(v,η¯)
)1/2
with η¯ are slow compared to the variation of gˆnω1.
Plugging the formal solution Eq. (15) into the functional Eq. (14) provides formally the required
functional
Lres = −1
3
∫ +∞
0
dv4πv4
Feqe
2
Te,eq∫ +∞
−∞
dη¯dη¯′
2π
dη(v, η¯)
dη¯
ω − ω∗e
ω − ωd(v, η¯)
1
2iλ(v, η¯′)
·{
Θ
(
η¯ − η¯′) exp {i [Λ(v, η¯)− Λ(v, η¯′)]}
+Θ
(
η¯′ − η¯) exp {i [Λ(v, η¯′)− Λ(v, η¯)]}} Eˆ‖(η¯′)Eˆ∗‖ (η¯) (16)
where Θ is an Heaviside function. We consider the long wavelength limit, where 1−J 2 = 12k2⊥ρ2i .
The ion inertia functional then becomes∫
dτ
Feqe
2
Ti,eq
ω − ω∗i
ω
(
1− J 2
) ∣∣∣φˆ∣∣∣2 = ∫ d3xNeqmi
B20
ω − ω∗pi
ω
∣∣∣∇⊥φˆ∣∣∣2 (17)
where ω∗pi = − kθTi,eqeB0Lpi and Lpi is the ion pressure gradient length. The interchange drive in the
functional becomes:
∑
species
∫
dτ
Feqe
2
Teq
ω∗ωd
ω2
∣∣∣J φˆ∣∣∣2 = ∫ dτ Feqe2
Teq
ω∗ωd
ω2
∣∣∣φˆ∣∣∣2 (18)
The final form of the functional then becomes:
L = − 1
μ0
∫
d3x
∣∣∣∇⊥Aˆ‖∣∣∣2 + ∫ d3xNeqmiB20
ω − ω∗pi
ω
∣∣∣∇⊥φˆ∣∣∣2 + ∫ dτ Feqe2
Teq
ω∗ωd
ω2
∣∣∣φˆ∣∣∣2 + Lres(19)
where
Lres = −qR0√
3
∫ +∞
0
dv4πv3
Feqe
2
Te,eq
(ω − ω∗e)∫ +∞
−∞
dη¯
2π
dη¯′
2iλ(v, η¯′)
· {Θ (η¯ − η¯′) exp {i [Λ(v, η¯)− Λ(v, η¯′)]}
+Θ
(
η¯′ − η¯) exp {i [Λ(v, η¯′)− Λ(v, η¯)]}} Eˆ‖(η¯′)Eˆ∗‖ (η¯) (20)
and Eˆ‖(η¯) = Aˆ‖(η¯) − ω−ωdiω 1v ∂∂η¯ φˆ. The complex form of the functional can be simplified by
assuming an effective magnetic drift term.
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3. Magnetic microtearing modes
In the classical theory of tearing/microtearing mode, the solution is split into an external current-
less solution where ∇2⊥A‖ = 0, and a layer where the current allows a matching across the
resonant surface. The external solution is A‖(0)e−|kθx| in the physical space. The ”A-constant”
approximation consists in assuming that the vector potential varies slowly within the current
layer A‖(x) ' A‖(0). The matching between the two solutions is represented by the usual tearing
index Δ′ =
[
1
A‖
dA‖
dx
]L
−L
. For a microtearing mode Δ′ = −2 |kθ|.
The same procedure can be applied in the ballooning space: the internal solution Aˆ‖(x)
which is constant in the physical space becomes a function Aˆ‖(η) in the ballooning space.
Microtearing modes are very localized around the resonant surface. Using an effective magnetic
drift frequency ωd(v, η) = ωd(v, 0), consistent with a ’strong ballooning approximation’ combined
with the constant A‖ approximation, a residue integration method in the variable x, noticing
that
∣∣∣dk‖dr ∣∣∣ = 1|d|q0R0 and using the WKB approximation the total functional for a pure magnetic
microtearing mode (φˆ = 0) becomes:
L = − 2 |kθ|
μ0 |d|
∣∣∣A‖(0)∣∣∣2
+ i
π√
3
qR0
∣∣∣A‖(0)∣∣∣2 ∫ +∞
0
dv4πv3
Feqe
2
Teq
ω − ω∗(
1 + i νei(v)ω−ωd(v,0)
)1/2 (21)
where d is the distance to the resonance surface andNeq is the local density. Let us now introduce
a few normalizations. All frequencies are normalized to the electron temperature diamagnetic
frequency ω∗Te =
kθTe,eq
eB0LTe
, i.e. Ω = ωω∗Te
, νei =
νei,th
ω∗Te
, and Ωd(v, η) =
ωd(v,η)
ω∗Te
, where νei,th is
the thermal collision frequency . All velocities are normalized to the electron thermal velocity
vTe =
√
2Te,eq
me
.The condition L = 0 then reads
1
β∗
= 8i
√
π
3
∫ +∞
0
dζζ
9
2 e−ζ
2 Ω− Ω∗(ζ)[
ζ3 + i νei
Ω−Ωdζ2
]1/2 (22)
where β∗ = 2μ0NeqTe,eq
B2
q0R0
s0LTe
1
kθρe
, ρe =
mevTe
eB0
, Ω∗(ζ) = 1ηe + ζ
2 − 32 , ηe = LneLTe and Ωd = 43
LTe
R0
.
For zero magnetic drift Ωd = 0 and electric potential, the previous result obtained for the slab
collisional tearing mode is recovered [15]. The electron temperature gradient is at the origin of
the collisionnal microtearing mode destabilization.
4. Effect of an effective magnetic drift on microtearing modes
The form Eq. (1) at marginal stability (real ω) provides a way to understand the mechanisms
that underlie the instability, based on the sign of the current. The first term, always negative,
represents the magnetic energy needed to bend field lines. It is thus stabilizing. The second term
in absence of electric potential is destabilizing when the normalised current density j‖(x)/A‖(0)
is positive. From Eq. (21) and Eq. (22), the current density expressed in the variable ρ such
that ρ = 1√
3
1
ω−ωd vTe
∣∣∣dk‖dr ∣∣∣x and j‖(ρ)dρ = j‖(x)dx is given by the relation
j‖(ρ)
μ0A‖(0)
= − 8√
3π
q0R0
s0LTe
ρe
d2e
∫ +∞
0
dζζ4e−ζ
2 Ω− Ω∗(ζ)
1 + i 1
ζ3
νei
Ω−Ωdζ2 − ζ2ρ2
(23)
where de =
c
ωpe
is the electron skin depth (ω2pe = Neqe
2/me0, ωpe the electron plasma frequency).
The main role of the magnetic drift appears to be a modification of the collisional frequency,
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whose dependence on velocity is now modified, i.e. νei
ζ3
is replaced by 1
ζ3
νei
Ω−Ωdζ2 . One key
point however is that the current far from the resonant surface ρ → ∞ is not affected, i.e.
j‖(ρ)
μ0A‖(0)
' 2√
3π
(
Ω− 1ηe
)
1
ρ2
. The dispersion relation of microtearing modes is generically of the
form Ω = 1ηe + αe, with αe > 0 (e.g. αe =
1
2 in the collisionless regime, αe =
5
4 in the collisional
regime). Hence the current far from the resonant surface is always destabilizing. Since it does
not depend on the collision frequency, it is not affected by the magnetic drift. The situation close
to the resonant surface has to be different. It is known that microtearing modes are marginally
stable without magnetic drift and no collisions, which implies that the radial integral of the
current vanishes. Since the current is positive (destabilizing) far from the resonant surface, it
must be negative (stabilizing) in some regions closer to the resonant surface. Intuition would tell
us that collisions should decrease this current, and therefore destabilize the microtearing mode.
Moreover, the magnetic drift should increase this effect by enhancing the effect of collisions. This
can be seen in a better way by looking at the stability criterion Eq. (22) at weak collisionality
and weak magnetic drift frequency, i.e.
1
β∗
= 8i
√
π
3
∫ +∞
0
dζζ3e−ζ
2
(
αe +
3
2
− ζ2
)[
1− i
2ζ3
νei
Ω
(
1 +
Ωd
Ω
ζ2
)]
(24)
The imaginary part cancels when αe =
1
2 , as expected. The real part provides the relation
1
β∗ = 2
√
3π νeiΩ
(
1 + 16
Ωd
Ω
)
. This relation shows that collisions are destabilizing, as already known.
The magnetic drift helps, but only in conjunction with collisions. In other words, the effect of
the magnetic drift disappears when νei = 0. In summary the magnetic drift has a destabilizing
effect, in synergy with collisionality.
5. Conclusion
In this paper, we have presented a derivation of a current sheet model for microtearing modes in
a kinetic framework. For the first time, the magnetic drift, the electric potential and collisions
have been included consistently. Previous gyrokinetic simulations have shown that microtearing
modes have a poloidally localised mode structure and as a consequence the ballooning repre-
sentation has been used to evaluate the current inside the resistive layer. Moreover, the full
expression of the current inside the resistive layer being rather complex, an effective magnetic
drift has been employed.This model recovers a previous expression where the magnetic drift and
the electric potential were neglected. The magnetic drift is found to be destabilising, but only
in conjunction with a finite collisionality. Finally, as in reduced MHD, the evaluation of the
current inside the resistive layer is obtained from a system of two equations linking the vector
potential (and as a consequence the current) and the electric potential. Keeping both electric
potential and magnetic drift no analytical tractable solution has been found.
In future work, in order to compute the current inside the resistive layer, the system of two
equations should be solved numerically using an eigenvalue code. The dispersion relation of a
microtearing mode destabilizing a current sheet will be obtained matching the current inside the
resistive layer to the external current. Then, this dispersion relation could be compared linear
gyrokinetic simulations in order to ”reconcile” linear theory and simulations and to improve the
understanding of microtearing mode destabilization mechanism.
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The stability of a collisional microtearing mode (MTM) is investigated by means
of linear gyro-kinetic simulations and a theoretical linear dispersion relation. The
electric potential fluctuations and the magnetic curvature are neglected in the simu-
lations to match the theoretical model assumptions. In these conditions, the stability
domain, the mode growth rate, and the mode frequency predicted by the theory and
the simulations are in satisfactory agreement. The radial structure of the mode has
been also investigated, and the localization of the parallel current around the resonant
surface predicted by the theory is recovered by the simulations.
KEYWORDS
electron heat transport, microtearing mode, pedestal
1 INTRODUCTION
In tokamaks, confinement is a key issue to achieve fusion reactions. However, micro-scale turbulence leads to radial transport and
degrades the confinement. This is why high confinement regimes, called H-modes, are needed. H-modes are achieved by exceed-
ing a threshold in the heating power and characterized by the formation of “a pedestal,” which is a narrow insulating region just
inside the last closed flux surface. In the pedestal, the radial turbulent transport is reduced, and a steep pressure gradient devel-
ops. The modelization of the pedestal dynamics is an important in predicting the temperature and density profiles in the tokamak
edge. The “EPED” model,[1] based on the stability of large-scale magnetohydrodynamic (MHD) modes, is the most commonly
used to characterize the pedestal region. However, several open questions remain, in particular the origin of electron heat trans-
port at the pedestal top. Recent gyrokinetic simulations suggest that ion Larmor radius scale modes called microtearing modes
(MTMs) are unstable in the core of tokamaks with the conventional aspect ratio,[2,3] spherical tokamaks,[4,5] and reversed-field
pinches,[6] which could be at the origin of the electron residual turbulence at the top of the pedestal and, as a consequence, deter-
mine the pedestal width.[3,7,8] Microtearing modes belong to a class of instability in which a modification of the magnetic field
line topology is induced at the ion Larmor radius scale. This leads to the formation of magnetic islands, which can enhance the
electron heat transport.[9] Although the stability of MTMs has been theoretically studied in the past,[10–13] the destabilization
mechanism at play in the pedestal region is not yet well understood owing to the number of candidates (electron temperature gra-
dient, magnetic field curvature, magnetic shear, etc.) that can drive a current sheet and lead to the growth of a magnetic island.
This lack of understanding leads to an apparent disagreement between the linear theory and gyrokinetic simulations. Indeed,
earlier linear theories show that a slab current sheet is stable in the absence of collisions,[10,11] whereas in collisionless regimes,
recent gyrokinetic simulations in toroidal geometry found unstable MTMs.[2] In this paper we attempt to reconcile the slab cur-
rent sheet theory and gyrokinetic simulations by downgrading the gyrokinetic simulations to keep only the physical ingredients
present in the simple slab model. In Section 2, we first derive the marginal stability of a slab collisional MTM in a kinetic
framework including only the electron temperature gradient. In Section 3, the theoretical mode growth rate and frequency are
then compared with linear simulations performed with the gyrokinetic code GKW.[14] The radial structure of the MTM obtained
in the simulations is also compared to the theory assumption. Finally, Section 4 gives a summary and a discussion of our
results.
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2 MARGINAL KINETIC STABILITY OF A SLAB COLLISIONAL MICROTEARING MODE
Following Ref. [11], we investigate the stability of a slab current sheet around a resonant surface of radial position r0. The
magnetic perturbations are expressed as a function of the vector potential along the magnetic field line 𝛿Bx = ik𝜃𝛿A‖ and
𝛿B𝜃 =−𝜕x𝛿A‖, with x = r − r0 being the radial distance to the resonant surface of the mode, and k𝜃 is the wave number in the
poloidal direction. Neglecting the electric potential, we assume that the perturbed electron current along the magnetic field, 𝛿j‖,
is small outside (𝛿j‖, outside ∼ 0) the current layer, while it is large inside and given by the Ampère’s law
Δ𝛿A‖ = (𝜕2x − k2𝜃)𝛿A‖ = −𝜇0𝛿j‖. (1)
As a consequence, the slope of the perturbed potential vector 𝛿A‖ is discontinuous across the current sheet. The potential
vector can be expressed as 𝛿A‖ = 𝛿A‖,0e−|k𝜃x| outside the layer. Inside the current sheet, 𝛿A‖ is supposed to be constant. The
matching between the two solutions is simply represented by the so-called Δ′ parameter,[15] which for a slab current sheet of
width 𝛿J is defined as
Δ′ = 1
𝛿A‖0
𝑑𝛿A‖
𝑑𝑥
|||||
𝛿J
−𝛿J
∼ −2k𝜃. (2)
Integrating Equation (1) over the current layer and using the expression of Δ′ , one can derive the MTM dispersion relation
from a kinetic description in the collisional regime. The perturbed electron current along the magnetic field line is obtained
from the electron distribution function whose evolution is given by the Vlasov–Boltzmann equation. The distribution function
is expressed as f = Feq + 𝛿f , with Feq a Maxwellian distribution function and 𝛿f the perturbed one. The Vlasov–Boltzmann
equation is then linearized using the time invariance translation 𝛿𝑓 = f̃ e−𝑖𝜔𝑡+c.c.. The expression for the perturbed distribution
function 𝛿f can be obtained by a decomposition of f̃ into a series of Legendre polynomials in the pitch-angle variable f̃ =
f0(v) + f1(v)𝜉, where 𝜉 = v∕v𝑇ℎe and v𝑇ℎe =
√
2Te∕me is the electron thermal velocity with Te and me the electron temperature
and the electron mass, respectively. f 0 has no pitch-angle dependence and does not contribute to the current contrary to f 1. Thus,
for a model taking into account the electron temperature gradient and neglecting the magnetic field curvature and the electric
field, the expression for f 1 is
f1 = −
e
Te
F𝑒𝑞𝑣𝛿A‖ 𝜔 − 𝜔∗
𝜔 + 𝑖𝜈 −
k2‖v2
3𝜔
, (3)
where 𝜔∗ = 𝜔∗T
(
1
𝜂e
+ 𝜉2 − 3
2
)
is the diamagnetic frequency with 𝜔∗T =
k𝜃𝜌i
2
√
𝑚𝑒
𝑚𝑖
v𝑇ℎe
R
R
LTe
, where mi and 𝜌i are, respectively,
the ion mass and the ion Larmor radius, R is the reference length and 𝜂e is the ratio of electron temperature scale length LTe
and electron density scale length Lne . 𝜈 = 𝜈𝑒𝑖𝑇 (v𝑇ℎe∕v‖)3 is the collision frequency derived from the collision operator in the
Vlasov–Boltzmann equation. The wave number along the magnetic field of the perturbation is k‖ = ŝk𝜃𝑅𝑞 x = k‖′x, where ŝ is the
magnetic shear and q is the safety factor (near the rational surface q=m/n where m and n are, respectively, the poloidal and the
toroidal mode numbers). The integration in the radial direction of the Ampère’s law leads to
d2eΔ′
ΔJ
= − 8
3
√
𝜋 ∫
+∞
−∞
𝑑𝜌∫
+∞
0
𝜉4e−𝜉2𝑑𝜉
Ω̂ − 1
𝜂e
+ 3
2
− 𝜉2
Ω̂ − 𝜌2𝜉2
3Ω̂
+ i 𝜈
𝑡ℎ
𝑒𝑖
𝜉3
. (4)
In Equation (4), a number of normalizations have been introduced for convenience. The instability takes place inside the
current layer whose width is defined as ΔJ = qŝ
R
LT
k𝜃𝜌e
√
𝜈𝑡ℎ𝑒𝑖 , where 𝜈
𝑡ℎ
𝑒𝑖 = 𝜈𝑒𝑖𝑇 ∕𝜔
∗
T is the electron–ion collision frequency
normalized to 𝜔∗T , and d
2
e =
me
𝜇0𝑁𝑒
2 is the electron skin depth with N the local density. The mode complex frequency 𝜔 is decom-
posed into a real frequency part and a linear growth rate part, 𝜔r + i𝛾 , and normalized to 𝜔∗T : Ω̂ = 𝜔∕𝜔
∗
T . The radial direction
is normalized to ΔJ : 𝜌 = x/ΔJ . The integration over 𝜌 is given by Cauchy’s residue theorem. Finally, the dispersion relation is
1
𝛽∗
= i8
√
𝜋
3 ∫
+∞
0
𝜉9∕2e−𝜉2𝑑𝜉
Ω̂ − 1
𝜂e
+ 3
2
− 𝜉2(
𝜉3 + i 𝜈
𝑡ℎ
𝑒𝑖
Ω̂
)1∕2 , (5)
where
1
𝛽∗
= d
2
eΔ
′
ΔJ
. By fixing the value of 𝜂e in Equation 5, it is possible to study the marginal stability of MTMs. For each value
of 𝜈𝑡ℎ𝑒𝑖 , we determine the values of Ω̂r and 𝛽
* solution of this equation. In Figure 1, the parameter 𝛽* solution of Equation (5)
is shown as a function of the electron–ion collision frequency for each input parameters listed in Table 1. Above the black
cross line, MTMs are unstable, and below they are stable. The value of 𝛽* is related to plasma parameters by 𝛽∗ = 𝛽
∣k𝜃𝜌e∣
R
LT
q
ŝ
,
where 𝛽 is the ratio of the kinetic and magnetic pressures, and 𝜌e =
√
me∕mi𝜌i is the electron Larmor radius. At low and high
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FIGURE 1 Marginal stability of an microtearing mode as a function of 𝜈𝑡ℎ𝑒𝑖 ,
the electron collision frequency, using the set of parameters presented in
Table 1. Black cross line: marginal stability obtained solving Equation (5);
blue squares line: asymptotic limit 𝜈𝑡ℎ𝑒𝑖 ∕Ω̂r → 0; red triangle line: asymptotic
limit 𝜈𝑡ℎ𝑒𝑖 ∕Ω̂r → +∞
TABLE 1 Input parameters used for the theoretical calculations and the linear simulations with GKW
q s 𝜷 (%) R/LTe R/LTi R/Lne R/Lni k𝜽𝝆i
1.34 1.08 1.55 8 0 0.263 0.263 0.3
collisionality, the MTM destabilization is only possible for strong electron temperature gradient and for high 𝛽. At intermediate
collisionality, MTMs are easier to destabilize. In the collisionless regime (𝜈𝑡ℎ𝑒𝑖 ∕Ω̂r → 0) and in the strongly collisional regime
(𝜈𝑡ℎ𝑒𝑖 ∕Ω̂r → +∞), Equation (5) can be solved analytically. Thus, when 𝜈
𝑡ℎ
𝑒𝑖 ∕Ω̂r → 0
Ω̂r =
1
𝜂e
+ 1
2
and
1
𝛽∗
=
√
3𝜋
𝜈𝑡ℎ𝑒𝑖
Ω̂r
(6)
and when 𝜈𝑡ℎ𝑒𝑖 ∕Ω̂r → +∞
Ω̂r =
1
𝜂e
+ 5
4
and
1
𝛽∗
= 23
2
√
𝜋
6
Γ
(
17
4
)( Ω̂r
𝜈𝑡ℎ𝑒𝑖
)3∕2
. (7)
In Figure 1, the asymptotic limits given by Equations (6) and (7) are represented by the blue square line and the red trian-
gular line, respectively. The full calculation converges towards the asymptotics limits for very low and very high value of the
collisionality (𝜈𝑡ℎ𝑒𝑖 < 10
−6 and 𝜈𝑡ℎ𝑒𝑖 > 10
14 for less than 1% difference). The MTM is stable in both the collisionless and strongly
collisional regime in consistence with Refs. [10, 11].
3 MTM DESTABILIZATION AND RADIAL STRUCTURE IN A GYROKINETIC FRAMEWORK
For comparison with the linear theory of a slab MTM, gyrokinetic simulations have been performed using the GKW code.[14]
GKW is a flux-tube code that computes turbulent transport in tokamak plasmas. It solves linearly and non-linearly the
Vlasov–Maxwell system of equation that determines the evolution of the electron and ion distribution function, as formulated
by the gyrokinetic model.[16] The input parameters chosen for this study are given in Table 1. In the linear simulations, the
electric potential and the magnetic field curvature are neglected to match the assumptions of the linear theory. The ion kinetic
response, the toroidal geometry, and finite Larmor radius effects (gyroaverage) are, however, retained. Collisions are included
with a linearized Fokker–Planck operator (pitch-angle scattering only).
To compare the rotation frequency and the growth rate of MTMs with GKW simulations, the collision frequency 𝜈𝑡ℎ𝑒𝑖 has been
renormalized using GKW normalization: 𝜈𝐺𝐾𝑊𝑒𝑖 = 𝜈
𝑡ℎ
𝑒𝑖
k𝜃𝜌i
2
√
me
mi
R
LTe
.
In Figure 2, we present a comparison between the linear kinetic theory Equation (5) and the linear simulations: analytical
and numerical linear growth rates are shown as functions of the electron collision frequency 𝜈𝐺𝐾𝑊𝑒𝑖 . As in Ref. [10], MTMs
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FIGURE 2 Left: Analytical and numerical linear growth rates as a function of electron collision frequency 𝜈𝐺𝐾𝑊𝑒𝑖 for the set of parameters presented in
Table 1. Right: Analytical and numerical real frequency as a function of 𝜈𝐺𝐾𝑊𝑒𝑖
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FIGURE 3 Real and complex part of the numerical eigenfunctions of microtearing modes in the intermediate collisional regime (i.e.,
𝜈𝐺𝐾𝑊𝑒𝑖 (v𝑇ℎ𝑖∕R𝑟𝑒𝑓 ) = 0.02). The left figure represents the mode structure in the parallel direction of the magnetic field line 𝛿A‖(s); the middle and the right
figures represent, respectively, the radial structure of a MTM and the radial current profile calculated using the second derivative of 𝛿A‖(x). The
eigenfunctions are rotated in the complex plane to have 𝛿A‖(s= 0)= 1 and 𝛿A‖(x= 0)= 1
FIGURE 4 Comparison between the theoretical calculations of the current sheet width using the set
of parameters presented in Table 1 and the numerical simulations as a function of the collisionality
frequency
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FIGURE 5 Representation of the current layer width (up) and the growth rate
(down) as a function of the poloidal turn (npol) (𝜈𝐺𝐾𝑊𝑒𝑖 = 0.02)
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are stable at low collisionality, whereas they are unstable in simulations including more complex physical effects (curvature,
electric potential, etc.).[2–6] Then, at intermediate collisionality, MTMs are destabilized. The stability domain of the linear slab
theory mostly matches that of the simulations. Even quantitatively, the agreement is satisfactory at intermediate collisionality,
with differences starting to arise at low and high collisionalities. At high collisionality, the current layer width actually becomes
wider, which could challenge the “constant-A‖” approximation made while formulating Equation (5). The real frequency of the
mode predicted by the simulations and the theory are also in reasonable agreement.
The radial structure of the mode is then investigated. In Section 1, the radial structure of the mode was assumed to be
𝛿A‖,0e−|k𝜃x| outside the resistive layer and 𝛿A‖ = const. inside. In the analytical calculation, the mode structure is expressed in
toroidal coordinates with 𝛿A‖(r, 𝜃, 𝜙) = ∑m,n𝛿A‖,m,n(r)e−i(𝑚𝜃+𝑛𝜙), where r is the radial coordinate, 𝜃 is the poloidal angle, and
𝜙 is the toroidal angle. In GKW, field-aligned Hamada coordinates[17] (𝜓 , 𝜁 , s) are used, where 𝜓 and 𝜁 are a flux label, that
is, B ⋅ 𝛻𝜓 = 0 and B ⋅ 𝛻𝜁 = 0, and s follows the magnetic field lines. In circular geometry,[18] s= [𝜃 + 𝜀 sin𝜃]/2𝜋, with 𝜀 the
aspect ratio. In the code, 𝛿A‖ is represented by a sum of Fourier modes 𝛿A‖(𝜓, 𝜁, s) = ∑k𝜁 k𝜓 𝛿Â‖(k𝜁 , k𝜓 , s)e𝑖𝑘𝜁 𝜉+𝑖𝑘𝜓𝜓 . The two
representations are linked by
𝛿A‖m0 ,n(x) = e𝑖𝑘0𝜀x ∫
+∞
−∞
𝑑𝜂
2𝜋
𝛿Â‖(k0𝜀, k𝜁 , 𝜂)ei k𝜁2𝜋 q0𝜀0 ŝ𝑥𝜂, (8)
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where m0 =−nq, and 𝜂 is the straight field line angle
(
q = B.𝛻𝜙
B.𝛻𝜂
)
, related to GKW coordinates by 𝜂 = R
q
Bt
Bs
∫ s
0
𝑑𝑠
R2
. Thus, the
radial structure of the mode can be obtained by the inverse Fourier transform of the numerical eigenfunction 𝛿A‖(s). Figure 3
presents the real and the complex part of the eigenfunction for linear simulations using the set of parameters given in Table 1 at
intermediate collisionality, 𝜈𝐺𝐾𝑊𝑒𝑖 = 0.02. As expected, the structure of the mode presents a tearing parity (i.e., 𝛿A‖ is even in the
radial direction), allowing an island formation at ion Larmor radius scales. Moreover, the radial structure expected by the theory
is recovered numerically: that is, outside the resistive layer, 𝛿A‖ decays as e−∣k𝜃x∣. From Equation (2), Δ′ is assumed to be equal
to −2k𝜃 . This value is recovered when using the radial structure of the mode from GKW to compute Δ
′
. Finally, in Figure 4,
the theoretical current layer width (calculated at one-third the maximum of the parallel current) is compared to the numerical
value as a function of the collision frequency 𝜈𝐺𝐾𝑊𝑒𝑖 . Note that the current layer is very thin and localized around the resonant
surface, see Figure 4. To describe correctly the current layer and to determine its width, a high resolution is therefore necessary.
The grid size is chosen to have 30 points in the current layer (399 poloidal turns and 31 points per poloidal turn). Figure 5 shows
the current layer width (up) and the growth rate (down) as a function of the poloidal turn (npol) for 𝜈𝐺𝐾𝑊𝑒𝑖 = 0.02. The growth
rate is not impacted by the resolution scan, but an accurate evolution of the current layer width requires high resolution.
4 CONCLUSIONS
In conclusion, we have formulated a linear theory of the slab MTM in the collisional regime using a kinetic approach. It appears
that both low and high collisionalities are stabilizing. We confirmed that slab MTMs are destabilized by the electron temperature
gradient. A comparison of the theory with linear gyrokinetic simulations has been performed. Provided the simulations neglect
the electric potential and magnetic field curvature, as in the model, the gyrokinetic simulations do recover the analytical linear
theory. Moreover, we have compared the radial structure of the vector potential assumed by the theory with that obtained from
numerical simulations. We have found a good qualitative agreement between the two structures. In particular, the parallel current
is localized within a narrow layer. The current layer width predicted by the theory is also recovered by the numerical simulations.
The linear stability of the collisionless MTMs predicted by Hazeltine et al.[10] and Drake and Lee[11] is therefore consistent
with numerical simulations. When the simulations include the curvature and electric potential, MTM can be destabilized in the
collisionless regime.[2,8] Thus, adding step by step these terms in the theory, which will be the purpose of our future work, one
can identify the different mechanisms at play in MTM destabilization.
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